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PREFACE. 



About three years ago I first began to consider and meditate on the subject 
matter of the following Tract, solelj for the delightful pleasure and amu^sement 
the pursuit afforded me, and without the least idea of publication. By slow 
degrees I fell upon a systematic and regular method of proving the impossibility 
of several of the duplicate equalities treated of in the first two chapters of the 
Work, and by careful induction from the particular cases, I was soon led to the 
discovery of the new and useful general theorems for solving the possible cases given 
in Articles 10, 19, and 36, which enable us to find a set of answers (to a quadratic 
duplicate equality), in greater integers from a given set in less integers, by a 
method mu6h more direct and expeditious than FermaVs» Indeed I believe these 
theorems are the first and only instance yet found for dispensing at all with the 
use of Fermat*s method in such cases, and it is quite surprising that their discovery 
escaped the acute penetration of the illustrious Euler who touched so closely upon 
them in Art. 230 of his Algebra, which Art. was my first clue, insight, and guide to 
this delightful province. My discovery of these general theorems, and of those 
given in Arts. 28 and 41, shews that Euler did not deduce from his Art. 230 
above-mentioned, all the useful consequences that naturally follow from it. 

It is only very recently I perceived a most useful and important application of 
these general theorems, and other propositions proved in this Tract, in establishing 
(see pages 30 and 31) the impossibility of the equation, ax^-^'bx^y'^-^cy^'zz D 
in a great number of cases, and thus making very extensive and valuable additions 
to the few cases of this kind heretofore recorded and proved by Fermat and 
Euler. 

In order to render this work as useful as possible in promoting the advancement 
of science and education, and to contribute, as far as I could^ to spread a know- 
ledge of the theory of numbers, throughout the United Kingdom, I have added to it 
an Appendix containing the latest and best demonstrations of several of the most 
useful and important propositions in that delightful science, a matter which was 
certainly much needed, as the only English work (Barlow's) on the subject is long 
since out of print and cannot be procured, and especially as some of the demon- 
strations have been since improved and simplified, and as no good sketch even, of the 
subject was given in any English work on Algebra. 

I have applied in vain to the Board of T.O.D., and to the Irish Board of 

National Education for some little assistance towards defraying the expense of 

printing, &c. I own I was greatly surprised, disappointed and grieved at finding 

both these Boards (from whom 1 foolishly expected active assistance) so extremely 

illiberal and penurious as to refuse giving me the least help. Alas I how really 

useless to a country are such corporations, who would sooner let discoveries in 

science perish than advance one shilling to forward their publication or to assist 

native talent. The reply of the National Board to my application was scarcely 

civil, and disgraced by bad grammar and even by bad spelling ; but that institution 

has been long notorious for totally disregarding merit compared to private interest 

in the appointment of its officers. 

MATTHEW COLLINS. 
13, AngleseO'Street, Dublin, 
August i8th, 1853. 
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Chapter L 

On the possible and impossible cases of x^+ay^zz D and x^ — ay^zz, D 

Ariide 1. — ^To prove that all the possible solutions m whole numbers prime 
to each other of the equation x^+y^zzz^ are contained in the formulae a;= 
p^ — q^, yz^2pq and zzzp^+q^ ; p and q being prime to each other, one of 
them even and the other odd. 

DEMONSTRATION. 

It appears from the given equation itself that if any two of a?, y, z^ had a 
common measure, the 3rd should have the same common measure, and then 
dividing the equation by (G C M)^ we would obtain a similar equation, in 
which the three variables would be prime to each other, and this being supposed 
it is evident that a? and y cannot be both odd, for if so x^'\-y^ could not be a 
square number, as it would be even and its half odd ; and as x is prime to y 
they cannot both be even .'. one of them must be even and the other odd. Let 
it be y that is even, and .'. x and z must then be both odd, else they would 
not be prime to y^ we may .'. take yzz.^'if^ zzz2f-\-x^ and a;=/ — ^a/, zf being 
prime to a/ (else z would not be prime to ajj, one even and the other odd (else 
z and X would not be both odd), and then^^=-s^ — x^ gives y^^zzzfxf, and 
here, as / is prime to a/, and their product a square •'. each factor must be 
itself a square ; let .'. nf^p^ and xfz^q^ and .'. yfzzpqy and as / is prime 
to a/, one even and the other odd .*. p and q must be prime to each other, one 
even and the other odd ; then y:=,7,y^zz2pq^ x^znf — a/ .'. =:^^ — q^ and zz=: 
^+a//.z=jp2-|-g2^ and hence these formulae contain all the possible solutions 
in integers, prime to each other, of the proposed equation x^-^-y'^zzLZ^. Q.E.D. 

Cor. — ^We need scarcely remark that when we have found three rational 
numbers, a?, y, Zy such as to fulfil the equation ax^'\'by^:=:cz^y then mx, my^ 
and mi; will be other values of a;, ^, z, to satisfy the same equation, and these new 
values will be rational and integral when m and the former values are so, but 
they will always preserve the proportions of the original a;, y, z. 

2. — ^This method is obviously applicable to the solution of the more general 
equation z^ — x^zzAy^ ; first, if A contains a square factor, w^, this factor can 
be suppressed, or rather incorporated with y, for if A:zzam^, m^ being the 
greatest square factor in A, then putting y^ for my, the proposed equation 
becomes z"^ — x^zray^^, in which the coeft. a no longer contains a square 
factor ; and if this last equation be possible at all it must obviously be so when 
Xf y, and z are all prime to each other, for the equation shows that z or x 
ghould contain any factor common to the other two, x y^, or z y, it also shows 
that y should contain a factor common to z and x since ay^^ can contain no 
square factor but those contained in y'^ as a itself contains no square factor, 

B 



and thus it appears that if z^ — x^:^ay^^ be possible at all it must be so when 
Xj y'j Zy are all prime to each other, and it is this primitive solution if it exists 
that we always seek in the present and similar instances. 

Now the equation ay^^^zz^ — x^z=i{ji:-\-x) (z — x) shows that some one of 
the factors zzi^-x must be divisible by a if a be a prime number, but if a be 
composite and =r6c, then it is not absolutely necessary that either zi±ix should 
be divisible by a as the equation will obviously be fulfilled by having one of 
the two factors zdtix divisible by ft, and the other by c, and as a? is prime to 
z .'. z-J-or is prime to z — x or else they can have no common measure but 2, 
which happens when z and x are both odd. When a is even and = 2a' tis 
evident z and x cannot be even and odd, they must .'. be both odd, so that we 
may then put z-izz' •\'X^ x'zzz' — a/^ x^ being prime to ^ (else ^ would not be 
prime to z) one even and the other odd (else z and x would not be both odd) 
and then mf^zziz^ — x^ gives c^y^'^:=i2z'xf. Now if x^ be odd and /. s/ 
even, then x^ will be prime to 2zf as it is prime to z' and /• the quotients 

and — will be prime to each other {c^=:h'cf) and as their product is a 

V d 

square (y^^) .*• each factor must be a square, but since o! is odd, for 2a'=a 

2 z 
contains no square factor .'. V and d must be both odd, and •*. — will be 

a/ 2:^ x' 

even and — odd, so that we shall have — (2/?)^ and — =$'^> 5^ 

d y "^ d 

being odd and prime to /? ; these give y'z:z2pq^ z-=z'-\-xf •*- 

z= 2hy'\-dq'^ and *=/— j/ /. = 2V'p^—dq^ and y= 

Z-./.=: .±i~ : but if z^ were odd and /. sf even, then we should have — 1— 
mm b' 

z' 
=(2/>)^ and zrg-^, §' as before being odd and prime to p ; these give — rr= 

d 
x' — cd-rz^Vp"^ — (/g^, and exactly the same value as before for y and z, thus 
the sign of x becomes changed, but this is of no consequence since it is x^ and 
not X itself that occurs in the proposed equation. Indeed both cases will be 
included in the general formulaB dtr x-=:2b^p'^ — dq^, y= 2pq and z= 
2Vp^'\'dq^ ; q being odd and prime to j9, and by interchanging V and d tis 
evident we will have just twice as many formulaB or solutions as there are dififerent 
ways of resolving of {z=:V d) into two factors. When a' is a prime number 
then one of 6' and d will obviously be = 1 and the other =a'. 

Ex. gr. The primitive solution of «*— Jf3=14y2 is y=2p9 and, 

z—Up^+q^ or =2^2+79^ 
ba?=zl4p3 — 78 or =2/)2 — Iq^ 
and the primitive solutions of «* — x^zz2lhy^ where mrzZ and l/d-- 

15 are v- ^^ and then I ^=30p«+?^|2i>^+15?2 6;>2+5?» 11^^'+^! 
10 arey- _ ana tnen |^^^_g^j_^2|2pa_i5y2 6p«— 5^^ ll()p»-8^« 

q being odd and prime to p^ and having always an odd coeft. in the values of z 
and X : and these general formula contain all the possible solutions in whole 
numbers of the proposed equation, z*^ — x^::zky^'=z2I/dm^y'^ if as is directed 
in Cor. Art 1, we multiply the values of x, y, z here determined by w' or any 

multiple of m' where m' is a divisor of m and equal to denominator of -^ 

m 

when reduced to its lowest terms. 

3— When a is odd smdzzl/d then if ^ be odd the equation at^^^z^ — 

jr*=(«+^) {^ — ^) shows thato? and z must be one even and the other odd, 

and .'.z-^zx both odd and prime to each other, and the equation cannot subsist 

unless one of the two prime factors zz±zx be divisible by a or else one of them 
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divisible by J/ and the other by </, and as the two quotients will be prime to 
each other, and their product a- square (j/^) .'. each must be a square, so that we 

shall have . ' ■ ;=/?^ and ^q^^p being prime to q and both odd ; these 

V d 

givez=ri(yj92+c'^2). ddx—^'p^^dq^), t/z=:pq and .>=£-=z^for 

fn m 
the general solution in this case ; and as interchanging b^ and (/ would not at 
all affect the value of t/ and z and only change the sign of ar, we/.include all 
possible cases by placing the sign dtz before ^, and 'tis evident we will thus ob- 
tain as many formulae or solutions as there are different ways of resolving a ( = 6V) 
into two factors. 

But if when a is odd 1/ be even, then ai/^=zz^ — x^ shows that z and x 
must be both odd, so that we may then put z=z^-\'X^ and or =2' — x' and y= 
2y, a/ being prime to 2' one even the other odd, then the equation becomes 
ay^'^^^zs/j/, which cannot subsist, unless one of z', a/ be divisible by a (=5V), 
or else one of them divisible by h^ and the other by </, so that we shall have 

z' a/ 

-. =p* and - = gr2 and/.y ^pq and y '= 2pq, which give a = r' -f a?' =r !/p^ + 

</q^^ ztzxzzl/p^ — (/q^ and y~L:=: JlI^ which are just double the values of 

x^ y^ z, found in the preceding case ; so that we must remember that these ex- 
pressions are to be halved, in order to find the primitive values of ar, y, «, when 
p and q are both odd, as well as y^ 

Ex^ gr — the primitive solution of %2 — x^z=i2\y^ when y is even, \&y:=L2pq 

*°^ |±^= 21i)2Z^2 or = 7p?-.3^2| P being prime to q, one even and the 

other odd ; but when y is odd, p and q must be odd, and then we must 
use the halves of these expressions ; for a?, y, and z. 

4. — If the general equation ar^+fty^z=cs2 be possible when a, 6, c, ar, y, 
jj, are rational, it must obviously be so too, when these quantities are 
iqtegers, in the same proportion, as we would obtain a similar equation, by mul- 
tiplying it by the product of the denominators of a, 6, c, a?^, y2 ^nd z^^ and then 
we could suppress by division a factor, common to a, ft, c, or to j?^, y^, and 2^ ; 
so conversely in seeking the solution of such an equation, the integers, x, y-, z, 
are always sought in this primitive state, where the whole three of them have 
no common measure, the common divisor of a, 6, c, being previously suppressed 
by division ; then if one or more of the coefts. contain square factors, they may 
be rejected, or rather incorporated with x^y^z\ thus if asa'A^, h'izVW and c= 
(/C^, then putting j/=Aj? y=By, and z'=C;r, the proposed equations, ax^-^ 
hy^=^cz^ becomes afx^^-^-yy^^^^cfz^^, where the coefts. a', ft', (/, no longer 
contain any square factors, and so if the original equation were possible, this 
last equation should be so, and conversely, if this last equation be impossible, 
the original one must also be impossible ; and from the solution of this latter 
equation, we can return and obtain a solution of the proposed equation, by 
multiplying this latter equation by A* B^ C^, and then taking j?=BCa?', y= 
AC/ and 2= AB2' and restoring a for o'A^, ft for ft'B^, and c for cfC^y as is 
self-evident. But when we have to solve two simultaneous equations, 






we cannot then suppress any square factors in the coefts., except such as are com- 
mon to a and a', or to h and ft', or to c and </, for if by the above method, -we 
suppressed such factors in one equation, thej would re-appear in the other 
equation. 

5 — Now I say, if the derived equation a'a/^-^-Vy^^^cfz^'^ be possible at 
all, it must be so, when a/ t/ z^ are a^ prime to each other ; for if any two of 
them ^, f/ had a common factor m the equation, shows that cfzf^ would 
have the factor w^, and as by hypothesis c' contains no square factor .•. cfs/^ 
can have no square factor, except those of s/^^ and so m^ should be a factor of 
s/^y and thus every term of the equation being -j- m^ we would obtain by di- 
vision a similar equation, in which a/, y, /, would be prime to each other ; 
moreover, if any two coefts. a', V be prime to each other, the 3rd variable 2/ 
must be prime to each of them ; for if z^ and a' had a common measure m the 
equation shows that m should be a factor of jy^, and as m is primitive to h .'. 
it should divide y', but in the sought primitive solution z' must be prime to ^ as 
already proved, and .*. if such a solution exists, z^ must be prime to of and 1/ 
when these are prime to each other. 

It follows also that if any two of the 3 numbers a/ y / be prime to each 
other, the whole three of them must be prime to each other since it is already 
proved that if a?' and ^ had a common factor iw, sf should have the same 
factor, and then no two of them would be prime to each other, which is contrary 
to hypothesis ; and this proof evidently holds good even when one coeft. (f 
contains a square factor, provided the coefts. a', V of the two numbers a/, 1/ 
supposed prime to each other contain no square factor : and again 'tis evident 
that any two (a/, y^ of the three a/ y / can have no common factor m unless 
m^ be a factor of \^) the coeft. of the third number /^, so that when the coeft. 
((/) of /*^ contains no square factor, then cxf must be prime to ^ in the primi- 
tive solution. 

These last observations are of use when we have to solve two 

simultaneous equations — 1 / 2 T j/2 -ZT v 2 f > where some of the coefts. 
may contain square factors ; from these, by eliminating y or ar, we derive two 
other equations — < a'sXti' 2 — p/2r ^^^ ^^ tlotlq of the coefts. of these 

four equations contain a square factor, it follows, from what has been already 
said in this Art. 5, that if the two original equations be simultaneously possible 
they shall be so too when a?, ^, <?, w are all prime to each other (as the two 
original equations could be rederived from any two of the four equations), and 
then, too, x must be prime to ft, c, 6', c', and y must be prime to a, c, a' and d 
&c., supposing h prime to c, and V to (/, &c., &c. it follows also that if 
the two originsd equations be possible at all, they must be so too when x is 
prime to y, if neither c nor cf contain a square factor, or if c=(/=zl, which is 
the most usual case ; and, lastly, it follows, from what has been said, that if 
ax^ •\-hy'^z=zcz'^ be possible, it must be so, too, when x and y are prime to c if 
a and h be prime to c, or if a= =1=1 ^&, 

6. — ^The two simultaneous equations, \ 22 Hn— ^l ^re impossible. 

For by addition and subtraction 2a?^=^2+^^ *^d 2y^zzz^ — to^ and /. by the 
foregoing Art. 5, if the proposed equations be possible they must be so when 
a;, y, z, and w are all prime to each other, and also z and w prime to the coeft. 
2 and .*. both odd, so that we may put z:zzz^-\-u/ and W'=.s^ — uf ; a'andw/ 
being prime to each other, one even and the other odd, as shown in Art. 1, 
then by substitution a/ ^+M/^=a:2 and 2«V=^^ and by Art. 1 tlje general 



solution of the first of these two equations is zfzzm^ — n^ andt(/=2wn, w being 
prime to n, odd and even ; these substituted in the second equation give mn 

(m+n) (m — n) = D ( = ~) And as the four factors are prime to each other 

and one of tbem (m or n) even •*. each factor must be a square, let •*. mzn'p^^ 
nz=q^^ m+nz:zr^ and m — w=:5^, hence p^'\-q'^=ir^ and p^ — q^zzzs^ a pair of 
equations precisely similar to the original pair, having p and q instead of ^ and 
y ; and since in the equation 2/*+tt7'^=a;^ we have x^=m^'{'n^.*.=zp^^q^ 
and y^=4 mn (m+») («i — n) =" ^p^q^r^s^ and /. y = 2pqrs .*. a? > /? and 
jTP'q so that if the proposed equations admit of a solution in great numbers 
X and y they should also admit of a solution in smaller integers p aud q^ and 
by the same argument there should exist a solution in integers stiU smaller than 
p and q^ &c., &c., and as there exists no solution in small integers, so neither can 
there exist any solution even among the largest whole numbers. Q.E.D. 

7. — The two simultaneous equations < 2_9 2— n — Mj2f ^^^ ^possible. 

For if these equations were possible, they should obviously be so when x is 
prime to y and .*. all four a?, y, z, w^ prime to each other except perhaps z and w ; 
and, moreover, a*, z and w odd, as being prime to coeft. 2 (of 2^^); now by 
addition and subtraction z'^'{'W^zz2x^ and 2^ — w^zzL^y^ and here as this last 
coeft. 4 is a square number /. by Art. 5, z and w could have no factor not 
common to x and y unless 2 ( = v^4) but as z and w were already proved to be 
odd, they could not have 2 as common factor, and so if the proposed equations be 
possible at all they should be so when a?, y, z and tc; are all prime to each other, 
and all odd except^, so that we may, as in the foregoing Art., put zzr^J^u/ 
and w^Lz' — w\ ss^ and ic/ being prime to each other, one even and the other 
odd ; substituting we get z' 2+11/2—^2 2is\A. z' it/zry^ gud by Art. 1 the gene- 
ral solution of the former is z'^=^m^ — n^ and m/=2 mn and x=m^-\'n^^ m being 
prime to n one even and the other odd, and •'. m, n and mz±zn prime to each 
other and only one of them {morn) even; these substituted in the second equation 

y2 

give mnJ^m +71) (m — n)= ^S.zz^y^^jy beingz= 2y . 1 ® if m be even we shall 

obviously have w= ^p^^nznq^^ m + w=r^ and m — 71=5^ and .'.2p2 ^ ^2 --= 7.2 and 
2/?2 — ^^ =5^ ;p,q,r and s being prime to each other and the three latter odd, and 
as every odd square is of the form 8 n-f-l the equation 2p^=:r^ — q^ shows that 
p must be even, and then 2p^ — q^ is of the form 8 w+ 7 which is an impossible 
form for the odd square s^. 29 If n be even then mzzp^, n= 2q^, m'}'n=r^ and 
m — n=8^ and .\p^'\-2q^zzr^ andj?* — 2^2—^2 j^q equations precisely similar 
to the original pair, only having^ and^ instead of a: and y, but since x=zm^^ 
n^.\=p^+4:q* and y^ fvas=z^ v/ •'• =2mn(m+n)(m — n)=i4p^q^rh^ and 
.\yzz2p qr 8^ thus x^p and y^q and hence the two proposed equations are 
impossible for reasons Hke those already assigned towards the end of the fore- 
going Article 6. .^ , 30^ ^ ^^^ . 

8. — The two simultaneous equations < » ' 0%^ 2 f ^® impossible. 

By addition and subtraction 2a?*=2^+«;2 im^ gy2-_-;j2 — ^2 jm^j ^g jj^j^^ ^f 
the coeftfl. in these four equations contains a square factor /. by Art. 5, if the 
proposed equations be possible at all they must be so when xy z and w are all 
prime to each other and also z and w prime to 6 (in the equation ^y'^=zz^ — w^) 
and .'. both odd, we may .'. asbofore put 2r=j/+M/ and w=iz' — w\ zf and v/ 
being prime to each other, one even and the other odd, this substitution gives 
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«'2 +u/izzx^ and z'u/=^ this last shows that y must be even, let /. y= 

2y, now by Art. 1 the general solution of the former is z^zzm^ — ri^ n/=2tnn 
and x=w2+n*, m being prime to w, one even and the other odd, and •*. m, n 
m-^n and m-^-n all prime to each other, and one of them (m or n) even ; the 

second equation z'u/^: ^.*.=6y ^ by this substitution becomes mn(m-i-n) 

(m — w)=3y^ which shows that some one (and only one) of the four prime 
factors, lUy n, m:±zn must be divisible by 3, and then of course the quotient will 
be prime to each of the other three factors, and as the product of the quote and 
the other three factors is a square {i/^) .". each factor must be itself a square; 
1^ if wbe divisible by 3 then m=3p^, w=g2, m+?»=rr* and m- n=z5* giving 
q"^ +5^ = 3p^ an impossible equation, for as g is prime to s they cannot both be 
divisible by 3, and according as one or none of them is divisible by 3, ^^-f-^^ 
will be of the form 3A + 1 or 3A+2, and neither of these could =3/>*. 2® 
If wbe ~ 3 then w=^^, nr^Sq^, m+nzzr^ andm — n=5^ giving p^^Sq^^z 
r^ and andp^ — Sq^=s'^ which are a pair of equations exactly simUar to the 
original pair only having p and q instead of x and y, and as p and q are ^x 
and 1/ .*. the proposed equations are impossible, for reasons already assigned in 
Art. 6. 3® Ifm+n were -i- 3 we should have w=/?2, n=g'2,w4-n=3r*aiid 
.\ p^+q^ = Br^ which was proved impossible in case 1®. 49 If m — n were 
-~ 3 then mz=p^, n^iq^ m+n=:r^ and m — nrzSs^ which give 2p*z=r^+3tf* 

or p^ — 8^ ---^^? — ■ -^^ equation obviously impossible, for by case 1® when p 

o 

is prime to r, p^+r^ is not divisible by 3 and .'. <_>J-— could not give the inte- 

3 

gral quotient p'^ — s^. 

Cor. 1 The two simultaneous equations x^+2y^= D =z^ andy'+2a?2= n 

= w^ are impossible. For if they were possible they should by Art. 5 be so 

when X 1/ z and w are all prime to each other and •*. when z is prime to w ; but 

they give x^+y^=z — -L — which was proved impossible in the foregoing 
case I®. ^ 

Cor 2. The two expressions ar^dboy^ cannot both be squares whenever a= 
A^ or =2 A* or =3A2, A being any rational number whole or broken as 
appears instantly from Articles 6, 7, 8 by putting t/ for Ay, and hence the two 
expressions x^-±iay^ cannot both be squares when a=4, 8, 9, 12, 16, 18, 25, 
27, 32, &c. 

9. The two simultaneous equations •];g2_L5 2— n — 2r are possible. 

By addition and subtraction 2a?*=2r2+Mr2 and 10^2=2:2 — w^^ and as none of 

the coefts. of these four equations contains a square factor /. by Art, 5 If 

the proposed equations be possible they must be so when ar, y, z^ and w are all 

prime to each other, and z and w^ moreover, both odd, as appears from the 

equation ^x'^zz.z'^J^w^ we may .*. as usual put rzz2:'+te/, and wzz-zf — it/, z' 

and u/ being as usual prime to each other, one even and the other odd, this 

5y^ . 

done we get «'2+«/*=ar2, and /w/s-^. Now this last shows thaty 

must be even, let it .•.=2^ ; by Art. 1 the general solution of the former is 
/=w2 — n^, u/=2mn, x=m^+n*, which give m»(wi+w)(w — n)= 
5/^, m and n being as usual, one even and the other odd, and prime to each 



other, and /. m, n, mdtzn, all prime to each other. Now thiB last equation 
shows that some one of the four prime factors must be dirisible bj 5 and 
then the quote will still be prime to the other 3 factors : bat the product of 
any set of factors prime to each other cannot be a square unless each factor 
be itself a square. 1° if w* be -f- 5 we shall have m=5p^ w=g'*, m+7i=:r^ 
and m — w = 5* giving 6p^ + ^2 — 7*2 ^^^ 5^2 — q2 _ ^ ^j^^j 2q^ = H — 5*) and 

by Art. 5, if these be resolvible r and s must be prime to 2 Tcoeft, of 2q^J 
and .*. both odd, and also q^ r, and a must be prime to 5 (coeft. of 5p2) and 
in fact tis evident ^=1, 9 =2, r^^S, ^=1 fulfil these two equations, and then 
x=:m^+n^ :. =i (r*+54) .'. =41 and^^ =/)2 ^a r^ «« and then y^2j/z^ 
2pqrs here = 12 see Euler's Algebra, page 426. 2®. — If n be divisible by 5 
we get m^^p'^, n=z6q'^^ m+nzzr^ and m n=^ giving |>2^ 5^2 -^,.2 ^nd p^ — 
bq^zzzs^ a pair of equations exactly similar to the original pair, but having p 
and ^ < Jf and 1/ since a:=w2 4-n2 .•,=|>*+25^^=^ (r*+5^) is >|> and ^= 
2 pqrs is > ^ .'. we could not descend to this case (of n divisible by 6) from 
the smallest whole numbers x and y that answer the proposed equations. 

But on the other hand the preceding formulae enable us to ascend from one 
known solution of the proposed equations, to another solution in larger integers ; 
for as |>2+5^^=r2 andp* — dq'^zzs^ are similar to the proposed equations, 
and as we found a?=jp*+25g'*=^(r*+5^) and yzz2pqrs it is evident that 
new X =:a5* + 25y*=z^ (z* + *^*) ^^^ ^^^ Y= 2xyzw will also answer for x and y 
in the proposed equations, from which it is evident we can again find, by these 
same formulae, new values of x and y, in still larger integers, &c., &c. Thus 
in the preceding case we found a;=41 and ^=12 giving ^=49 and U7=31 and 
hence new a;=^(49*+31*)=334416I and new y=41 x 24x49 x 31 = 
1494696, from which we could again find new and very great values of x and y, 
and thus ascend into very high whole numbers, &c., &c. 3®, w+w cannot be 
divisible by 6, for if it were we should have m^zp^^ ^=9'^> wi+w=5r2, and 

m — n=52 giving br^^8^^zz2p^ or r2zz^^-- — ' an impossible equation; for as 

m-|-n is divisible by ^^'Ptq and s cannot be so, as 'they are prime to m-}-7i and 
'•P^i 9^ *°^ *^ *r® ®^^^ of the form 5Az±=l and /.2p2 — ^2 could not be divi- 
sible by 5, so as to give the integral quotient rK 4® neither can m — n be 
divisible by 5, for if so we should have m^zp^^ nznq^, TO+w=r2, and m — n 
= 652, giving 552-^r2=:2/)2^ which was just proved impossible in case 3®. 

Remark — Thus as neither mztin can be divisible by 5, and as already ob- 
served, we cannot descend to the case of n divisible by 5, from the least whole 
numbers, x and y, that fulfil the proposed equations ; and moreover as p and q 
are < oj and y, it follows /. that the equations, 5jp2-j- ^2—^.2 ^n^ 5^2 — ^2—^2 
(or x'^-\-6y?zzz^ and x^ — 5y2= — w^"^ admit of a solution in integers, 
less than even the least integers that answer the proposed equations ; this 
remark is important on several occassions, £2; gr it appUes well to the equations, 
x*dhlSy^zz D ", see cor. 3, Art. 14. 

10 — ^The Invertigadons in the preceding Art., 9, may be rendered more 
general thus : — 

General Thwrem.— The solution of X2+ a5 Y* = a = Z2 and X^—aby^z= 
Q=W2 can be obtained from a solution of the two auxiliary equations, ax^ + 
by^zzm^ and ax^-^y^zzdtznw^, in fact I say X=z^{z^+w^) and Y=2ajy2W 
will answer. 

Demonstration. — The difference of the squares of the two auxiliary equations 
gives 4a&x2^2--„2(5j4_^4) ^nd ahY^=z^abx^y^z^w^ .'.=n^z^w^(z^-^^) and 

as 4X2 = ^2(;2;4^.,|,4)2~^2(;2;4_^4)2^„2^22f2^2j2 — ^2^^2^V2) wherC tzZZ*-- 
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to* and v=2z%« and 4a6Y« is =:U^z^w^z^'-w*):.—n^ X 2<v/.4(X«=i=aJY«) 
r=n^ (/=±=r)2, which are both squares, Q. E. D. 
The generality attained here by the use of the indeterminate quantity n applies 

only to the auxiliary equations, since ¥*= i- shows that Y^, as 

well as X* contains the factor n^, which ought /. to be rejected from both ; the 
use of n serves, however, to prove certain classes of quadratic duplicate equali- 
ties impossible or incompatible ; Ex, gr ;. as x^+y^=:z^ anda?^ — y^=«?2 were 
proved impossible in Art. 6 ; hence we infer that ic^+y*— ^^^ *^d x^ — y^= 
nw^ must be also impossible, whatever rational number n may be ; for if these 
latter werepossble, the former should be so by this present Art. 10 ; in like 
manner as x^ + 2y^z=z^ anda?^ — 2y^=w^, were proved impossible in Art. 7, 
it follows that x^+2y'^zznz^ and x^ — 2y^^z±znw^ must be also be impossible, 
whatever rational number n may be, and in like manner, x^'{-S^^z=inz^ and 
a?2 — 3y2=db:nM?2 must be impossible. 

By taking 9i=l, and also 5=1, we can form one solution of the equations 
x'^-^-ay^zzz^ and x^ — a^^^w^ deduce another solution in greater integers; 
thus new X=^ (z^+w^) and new Y=z2xyzw, as in case 2® Art. 9. Ea:, gr. 
Whena=6 thena:=5and^=2give2;=7andM;=l .'.new ^=^(7*+!*) = 
1201 and new y=10 X 2 X 7=140, giving 2=1249 and m?=1161, and thence 
again new a?=i(1249* + 11514)=&c., and newy=1201 X 280x 1249 X 1151 
&c., &c. When a=7 then taking n=2, one obvious solution of the auxUiary 
equations x^+7y^=2z^ and x^ — 7^2— -4-2^72 igan^S y=l z=4: and w=3 
and .*. bythis present Art. 10, new a:=4*+3*=337 and newy=2j7^^M;= 120 
which are the least integral values of a? and y to fulfil the proposed equations, 
a?2 + 7y2 = 2;2 and x2 — 7y^=w^ giving ^=463 and w=113 and thence again 
we obtain, as directed above, new a?=^(463^+113*) and new y=337 X 240 X 
463 X 1 13, from which we could again ascend to other values of x and y still 
larger to answer the proposed equations x^dt:7y^= D ■• 

When a =13 then taking n=l one obvious solution of the two auxiliary 
equations x^+lSy^=^z^ and x^ — 13^^ = — w^ is dr=6, and y=5 giving z= 
19 and wzz 17, and hence by this Art. 10, the values of x and y in the proposed j 
equations, x^+13y^ = z^ and x^^l3f=w^ are a?=i(19* + 17*)=106921, 
andyzilO X 6 X 19 X 17=19380, which are the least integral answers ; these 
give 231:127729 and m; = 80929, fix)m which again we find new ar=i(127729< 
+80929^) and new y=2 X 106921 x 19380 X 127729 X 80929, &c., &c. 

11.— The solution of the two equations, X^+abY^= a =Z^ and X^^abY^ 
z= a =W^ can be also derived from a solution of the auxiliary equations, 
x^+y^=az^a,ndx^-'y^=bw^, for in fact X^x^+tf^ and Y=:2xyzw will 
answer. Proof— For then abY^:=zAabx^y^z^w^=:4:X^y^ iaz^) (Jnv^)=4:xY 
(x*—y^)=:2tv where«=c^— y andv=2a?V2 a,ndX^=(x^+y*y.'.=t^+v\md 
so X2z4=a6Y2 = (<dbv)2 which are both squares, Q. E. D. 

If a contains a square factor A^, this factor may evidently be rejected, for 
by putting y^ instead of Ay it is evident that x^dtzaA^y^=i d ■ will be 
possible or impossible according as x^dtiar/^=. u ■ are possible or impossible; 
now the two proposed equations j:*+ ay* si ar^ and x^ — ay^^^ui^ give 2x^ =- «*+ 
w* and 2ay*=z* — w^ and putting z^ssiz''\'vf and 10=2' — m/, these give 3?*= 
«'2+m/2 and ay2--2;&V the former is fulfilled, (Art. 1,) by ai'ssw*-— n^ ^^ 

, r^ -. , , , ^ ^ ^/.ti ^ .^ 4^w (w+n) (m — n), 
iir=2mn and then the latter can be fulfilled if a zz ^ ~ - 

y 

y^ being the greatest square factor contained in the numerator, and m as usnal 






being prime to n ; iadeed it is thus Euler finds (in page 425 of his Algebra) 
the value of a so that the two proposed equations may be simultaneously possi- 
ble; but a=13 would not be easily got by this method, ?n=5 and »=4 give a 
=5 ; 771=2 and 7i=l give a=6 ; fn=16 and w=9 give a=7 ; «i=8 and n 
=1 give a==14 ; w=4 and n=l give a==15 ; 7w=4 and n=3 give a=21, 

fri=3 and w^=2 give a==30 ; wi=25 and w=9 give a=34, &c , &c. 

(a»2 _L. io«2=_ Q ^ 2) 

12. — The two simultaneous equations •) -8_j() 2-= n = 2 f *^^ impossible. 

By addition and subtraction 2a:2=22^^2 ^^^j 20y2-^^2 — ^^2 fj.Qjn ^]^q first 
3 of these equations it follows by Art. 5, that if the proposed equations be pos-' 
sible they mu3t be so when a?, y, e, and w are "all prime to each other, and, 
moreover, z and w and x prime to 10 and /. odd, so that we must as usual 
have 2=2' +t^' and w=^z' — «/, z! being prime to t^', one even and the 
other odd ; this substitution changes the 2 derived equations into x^=^z^^ + 
f//2 and by^=z'u/ the general solution of the former (by Art. 1,) is «'=m^ — w^, 

v/=^2mn and a:;==m2-fn2,'m being prime to w, one even and the other odd, 

5y2 
and then the latter equation becomes mn (w-f-w) (m — w)==-— - which shows 

that y must be even, let y==2y and we get mw (m+w) (w« — w)=10^2, which 
shows that some one of the 4 factors must be divisible by 10, (and of course it must 
be the even factor m or n,) or else one of them, (m or n,) must be divisible 
by 2, and another by 5, and then the quote or quotients being prime to each other, 
and to the remaining factors, and their continued product a square •'. each quote 
and remaining factor must itself be a square. Now 1®, I say that neither of 
the two odd factors mdtin can be divisible by 5 ; for if w+7i=5r2 and m — n 
=5^5 m=p^ and 71=2^^ then 5r2+*2=2p2 an equation already proved imposs- 
ible in case 3® Art. 9 ; and if it were m-f-w=5r' and m — n=s^y m=2p^ and 
fi=^^, then br^ — s'^=2q*'^ which is impossible for much the same reason as 
before ; thus then m^n cannot be divisible by 5 ; and if m — n were so divisi- 
ble we should have m-J-7i==r2, m — n=bs^^ and so we should have 55^=2p2 — 
q*' or else=^2 — 2q^ which are both impossible for reasons already assigned in 
case 3° Art. 9 ; and thus we must have m'\'n=r^ and m—n=s'^^ and this 
being so I say 2**— that m and n cannot be one , divisible by 5, and the other 
divisible by 2, for if so then we should have r^=2p^-\rbq^ or else =^bp^-\-2q^ 
which are both impossible for reasons assigned in preceding case, and .*. if 
it be posssible at dl to have mn (m4-n)(wi — /i)=10/2 under the conditions 
already mentioned, either mor n must be divisible by 10. 

Now 3®. — I say m cannot be -r-lO, for if so we should have m=10p2, tv=q^^ 
m-f-n^ser^ and m — w=52 and /. r^-|-52=:20p2 which is impossible as r and s 
must be both odd, and /. r^-^-a^ of the form 8A4-2 and 20p2 jg ^q^ of this 
form. — 4®. Nor can w be -5- 10 for if so we should have p^ '\-10q^::i=r^ and 
p^ ■^10q'^=^'^y a pair of equations precisely similar to the original paur, and as 
p and q are ^2; and y.\ if the proposed equations admitted of a solution in 
great large integers, they should also admit of a solution in smaller integers, 
and thence in still smaller integers, &c., <&c ; and as there exists no solution in 
small numbers there can •*• exist no solution among even the largest integers ; 
the particular case of ^=0 in ^^ =±1105-^= ^ ' would not enable us to ascend 
into large integers, for x and y in a?2=±=10y2=- □ s gince y=2pqrs would=0 if 
q^i 0, and so tlds particular case leads to no real solution, neither could we descend 
to it from any real solution, Q.E.D. 

Cor.— Hence, also, the formulae nK^z=z2x^ -f by- and :±:nw'^=x2x^ — hy^ must 
be impossible whatever rational n^ n may be, since by Art. 10, if these were posM- 
c 
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ble the proposed formnln ir=±zlO^>;r= o ' would be go too ; and in like manner 
it follows from Art. 11 that the two simultaneous equations d?^-f ^^=2^:^ and 
as^ — y*=6w^ are impossible, as are ako the pak w^+y^=6z^ and a?* — t/^==z2ti7^j 
and it is obyious that we could derive numerous other impossible pairs from tbe 
exceptional values of a given in Cor. 2, Art. 8 ; but as the pair j:*dfcay*= n ■ 
are possible when a =5, 6, 7, 14, 15, or 21, ^c. ; .*.. by what is said in Art. 
11 they will bo also possible when a =5"'x3", or=7°*x2'*, or 7™x3» 
if m be odd when n is so. 

Cor. 2 — ^We may here remark that the proved impossibility of any pair of 
of simultaneous equations, as 






involves with it the impossibility of five other pairs, which are easily found from 
the given pair ; Ex. gr. solving the two equations given here, for x and z ; 
X and w ; y and z ; &c., we find the five following pairs, each of which is im- 
possible, since the above original pair known (and proved in Art. 32) to be 
impossible, may be re-derived from any of these five pairs, viz : — 



w^ + 2y^=:z 



w^+Sy^szx 



3— />.a 



z'^+y^zzx 
z^—2y^z=;w^ 



x^ — w^=Sy^ 
2a;2+«^2_3^a 



^2_w;2=2y2 x^—z^=y^ 



3^a_«,2--2a;2 



3z^—2x^=tu^ 



and thus it follows, from Art 6, that the pairs 



w^+y^zzix^ 
w^+2y^=zz^ 



2 — ^2 



z* — y^:=:x 



-22— 2y2 = w^ ^^^ impossible. 



13 — The single equation ax^+by^i=:cz^^ is always possible, if oc or 6c be a 
square number. For by multiplying the equation by c and then suppressing 
the square factors as directed in Art. 4, the equation will evidently be brought 
to the general form x^ — y^=zAz^ already solved in Art. 2, or as follows: — 

suppose A is fractional, and=.^then the equation gives A ^r,^.-- ^ ^ *+y 

b h z^ z 

X ^^ and /. if ^^±1 - L. then-^H^ must=:-^ and .*. by adding and sub- 
z z q z ^ P 

tracting — =^^'+^g' and^=i^^ bo that x=^bp^+aq^,y =..hp^— 
z 2bpq z 2hpq r -r ^ ,9 f 

ac^9sAz^2hpq will answer the proposed equation «2_^y2=-^;2;S--_^^2 
whatever rational numbers^ and q may be, ^ 

14 — But when o^ is a square number, c/* the proposed equation aa?2+J>y2-- 
cz^ will be possible or impossible, according.as A is or is not the sum of two 



ft n 

integral squares, where A= ; />2 being the greaiest square factor contained 

p^ 

in a c ; for by multiplying the proposed equation, by a and suppressing the 
square factors as in Art. 4, by putting a/^zax and \f=^iy and z^ sz pz we find 
*'^+y^= Aj8:'2, in which the coeft. A contains no square factor: and now if 
A be the sum of two integral squares i.e. A = i?^ -|- ^2 'tis evident the derived 
equation ar'2+y2--.^^2 jg satisfied by taking (byArt.l)2r'*=r2+52,a/==/?rdbg'^ 
and y s= psof-qr from which the solution of the proposed equation can be ob- 
tained as in Art. 4. 

But if A =3, 6, 7, 11, 12, 14, or any other integer which is not the sum 
of two integral squares, or when any such integer is a divisor of A, the derived 
equation a;2-j.y2--^^2 ( j^^ /^ |jg^ ^he proposed equation) will be impossible 
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1® — **+y^=3^*is impossible; for if it were possible it should be so, hj 
-Art. 5, when x, y, z, are all prime to each other ; now a? being prime to y, they 
cannot both be divisible by 3 and /. x^+y^^S N + lor3N + 2 according 
asone or none of*, ^, is -^ 3, but neither 3N+lor3N + 2 when divided 
by 3 could give the integral quotient »*. 

2® — a?* + y^sszQz^ is also impossible, since by 1® it is proved that x^ + y* 
cannot be divisible by 3 when x is prime to y. 

3® — x^ + y^=z7z^ is impossible; for every square numbers? N, 7 N +1) 
7N+2, or 7N+4:, and /. the sum of two squares (x^ + y*) cannot be divisible 
by 7, when they are prime to each other and .'. not each divisible by 7— 

40 X* -j- y2 __ i1jj2 ig aigQ impossible; for every square number =11 N, 
11 N +1, 11 N+3, 11 N+4, 11 N+5, or 11 N+9, and /• the sum of two 
square numbers (x^+y^) cannot be-;- 11 when they are prime to each other, 
and .'. not each divisible by 11. 

5^ — ar^+y*=14z* is also impossible, since by 3®, «^+^' is not-i-7 when 
X is prime to y. 

6^ — «^+y2_.l5x2 is also impossible, since by 1*, x^-^-y^ is not -£-3 when 
T is prime to y. In fact, if the equation x^+y^ssAz^ be possible. It must by 
Art. 5 be so, when or, y, z are all prime to each other, as A contains no square 
factor; then A (orr) will divide «^+y^ or {x^+y^)(a^+h^)=:iax+byy + 
(bx — ayY^ whatever integers a and b may be ; but as a; is prime to y, a and b 
can be found such that^o? — ay= dbl and thus A (or ^), will divide (aa;-f-^y)^ 

-{■• 1 ; now let q be the nearest integer to * ^ whether greater or less, then oa^-f- 

A 

by will=A$'db/) where p will not exceed ^ A ; and as A must divide {ax+ 

fty)»+l=(A^dbp)2-|-l=AV±2 Apq+p^+l it must also divide p^+l 

and hence unless A divides p^ + l and p not>^ A, the equation x'^+y^zzAz^ 

will be impossible. That this condition of j)^+l being divisible by A is 

tantamount to saying that A must be the sum of two integral squares is 

thus proved by M. Hermite. 

P 
Convert -^ ^^ & continued fraction and then find the fractions converging 

p m tnf 
to -~, let — and — be two of these converging fractions, consecutive and 
A 71 n 

such that n is less, and n' greater than v^A. which is always possible since 1 

and A are the denominators of the fii*st and last converging fractions ; the 

difference of -7- and— is,by the property of the converging fractions < — y and 

o -« A 1 n A 2 nn 

:. (^ — 2l\2<;;-i-^ or (pn— Aw)2<— -^ but by hypothesis n'a> A /. 

(pn — Amy^A and as by hypothesis n^ <A.". (pn — Amy + n^4^2Au e, 
n^(p^+l) — 2Amnp+A^m^<2A and as the left hand member is divisible by 
A for by hypothesis i?* + 1 is divisible by A .'. we must have (wp— Am)2+n« 
= A and hence follows this Theorem, viz., " Every divisor A of the sum of two 
squares (x^+y^) that are prime to each other is itself sura of two squares." — 
Cor. 1. — ^A being any whole number the equation x^+y^=A will be im- 

possible in fractions if it be so in integers ; for if xzz— and y=— the given equa- 
tion hecomes p^s^+q^r^znAq^s'^ which has just been proved impossible when 
A is not a square number, nor the sum of two integral squaref. 

Cor. 2. — ^When A i§ the sum of two integral squares prime to each other, 
then if r' be a possible remainder of squares to modulus or divisor A, I say A — 
r' will be also a possible remainder. For let Azz^^+q^ then A dividea 
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(p}+q^) (r^+s^)=:(pr+q3y+(ps — qry^ but asjo is. prime to q.'.r and s can 
be found such thKtps — qr can become = any given integer, and .*. the remaiader 
of (ps — qry-r-A can become any one of the possible remainders, but it is evident 
that if remainder of (ps — ^r)^-7-A be r' the remainder of (pr+qsy -^A most 
be A— r'/. &c. Q.E.D. 

Cor. 3. — Towards the end of the art. 10 we had to solve jt^+lSy'^zzz^ and 
s^ — 13y2= — w^ ; this latter giving j:^-{-w^=:lSy^ shows that y is a divisor of 
x^+w^ and must •*. by this Art. 14 be itself the sum of two integral squares 
we .*. try yz=V+2^z=5, and then the first equation lSy^=zz^ — x^ gives 
13x25=(2+a7) (« — x) now the derived equation 2ip2=:aj9 — w^^ shows, bj 
Art. 5 that z and w must be prime to 2 and .'. both odd and .\ or even so that 
Z'\-x and a — ^jt are both odd and prime to each other since a?, y, z, and w are, by 
Art. 5, all prime to each other; but it is evident that 13x25 cannot be 
resolved into any other factors prime to each other, .*. we must have ^+37^25 
and z — a?=13, and ,\z=:19, oczzzQ, <fec., &c. 

15. — ^But when m the equation ax^+by^zzcz^ neither ab, ac^ nor ^ is a 

square number, we may then use the following general method of ascertaining its 

impossibility given in Articles 52 and 53 of Barlow's Theory of Numbers : — 

Let a prime number A be modulus or divisor of square numbers, and let all 
the possible remainders of squares to this modulus be ri^ rg, r^, &c. ; then 
since N^ and (A — ^N)^, or (TwAdbN)^ when divided by A leave the same re- 
mainder, /. the number of different remainders can never exceed -^A ; let 
^1, ^2, *8, &c. be the remaining integers << A and different from ri. r2, rs^ &c., 
then Aq+r will denote a possible form of squares to modulus A and Aq^+s 
will be an impossible form, and it is easily proved, (Barlow, Art. 52), that the 
product of a possible and impossible form to the same modulus always produces 
an impossible form ; Eo;, gr the possible forms of squares to modulus 5 are 
bq'=±zl^ and the impossible forms are .'. 5/db2, and their product has evidently 
the impossible form. Again to modulus 7, the possible forms are 7g+l, lq+2^ 
and 79+4, and /. the impossible forms are 7g''+3, 7^'+5> ^^^ ^^f'-f^, and 
the product of one of each has the impossible form. To show the use of this 
theorem take any equation as 5aj2 4-^2—3^2^ jq^^^ \yj j^^^ 5^ jf ^j^ig 

equation be possible it must be so when y and z are prime to 5, then ^ 

above S-e;^ has the impossible form to modulus 5 ; and as y'^ has necessarily the 

possible form, /. 3^^ — y^ could not be divisible by 5 so as to give the integral 

quotient x^ and .'• the equation 5a7^+y^=3i;2 is impossible. Let us now take 

13^2 11 -,2 g^2 42.2 

7a?2 + 113^2 —13^2 ^hich gives a;2= — =L=:^;2_^2.| ^L and as 6 

is an impossible remainder of D • to modulus 7, and 4 is a possible remainder ; 
and moreover, if the equation be possible at all it should be so when y and 
z are prime to 7, and then.^ above 6^2 has the impossible form, and 4^2 h^s^ 
of course, the possible form, and .*. 6^2 — 4^2 could not be divisible by 7 and 
/. the proposed equation 7a?2 + llj/2==i32;2 jg impossible. 

2z2 — 4v2 
Let us next take 7a;2 + 11^2—23^2 which gives a;2=32:2— ^2^^ ^_£ b^t 

as here the two coefts. 2 and 4 in the numerator are both possible remainders of 
D ■ to modulus 7 and.', the remainders of 2^2 ^7 and 4^2 _j. 7 ^ij ^jq^^ \^ possi- 
ble, ,*. we cannot in this way infer the impossibility of the proposed equation. 

2 2 — 7a?2 
But by solving it for y2 we get y2 = 2^2 -| -r — and here as the coeft. 7 is an 

impossible remainder of squares to modulus 11 to which x and z must be prime 
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"*• the remainder of 7a;^-f-ll is an impossible remainder of squares to modulus 
11, and so it could not be the same as reminder ofz^^H which is necessarily 
possible, and thus it appears that the proposed equation is impossible ; and we 

may observe that the impossibility of x^=z ^can only be inferred with 

d 

e b 

certainty when the remainders of — and «— are the one possible^ and the other 

impossible remainders of squares to modulus a ; this example shows also that 
we should solve the equation for each of the 3 quantities x^, y^^ z^, and apply 
the test to each solution, as in the preceding case. 

Let us now take 14a;2+6y2 = 17^* ; here as the coefts. 14 and 6 have a 
common factor 2, z must be even, put it /. =2/ and we get 7x^+3w*=34/*, 

first this gives Jf*=:42/*^ ;= from which we cannot infer the impossibility 

as 6 and 3 are both impossible remainders of squares to modulus 7 ; solving 

«'2_^2 

for y^ we get y^— nya — 2x^'\ — from which we cannot infer the impos- 

o 

sibiUty; lastly, solving for z^ weget2/^= Zj •*• ^zT^—x'^zzJ-— 

and as 3 and 10 are both impossible remsunders of squares to modulus 17 /• 
we cannot infer the impossibility, thus we are led to suspect that 7*^+3^*= 
Z4^^ may be possible ;• and if it be it must by Art. 6 be so when «, y, «', are 
all prime to each other, and moreover, x and y prime to 34, and /. both odd, 
and also / prime to 3 and 7 ; in fact a;=l, y=3 and /=1 obviously foMl it 
since 7. 1^+3. 32ii:34. 1^. Now multiply this last equation by the pro- 
posed, and remembering the formula ((M?*+6y2) {am^ +bn^)z=-{a7nxdt=hnyY •{- 
ab{nx=pmyy we get (7«+9y)2+21(3jf— y)2=(34/)2 which is of the form 
X2— Y-^ = 21Z2 abready considered in Article 3. 

When we have two simultaneous equations like those in Art. 5 we must apply 
the tests in this and the preceding Art. to each of the 4 equations mentioned in 
Art. 5, and if our tests prove any one of the 4 equations to be impossible 
when solved relatively to a:^, y^, or z^ then the two equations proposed are 
certainly impossible or incompatible jointly though not perhaps seperatdy, and 
it will fully appear in the sequel that the two proposed equations may be simulta- 
neously impossible even when the preceding tests fail in proving any one of the 
above mentioned 4 equations to be impossible. 

16. — ^The two simultaneous equations sc^-l-ay^zs D and a;* — ay^=z D are 
impossible whenever a is a prime number of the form 4w-f-3, and m^ — 2 not 
divisible by a, m being ^^. For instance, the proposed equations are impos- 
sible when a=:ll, 19, or 43, but not when a=7, 23, 31, or 47, since to these 
last moduli (7, 23, 31, &c.^, 2 is one of the possible remainders of squai*es; it 
will be sufficient to prove this for the particular case of a=19 since a good hint 
is enough. Ex uno disce omnes. 

DEMOKSTRATION. 

If the pair of equations admitted of solution when a=19 we should, as 
before, have y even, and =2y' and also 19y'^=mw(m+n)(fw — n), m being 
prime to n, one even and the other odd, and .'. the four factors lUj n, mz±zn all 
prime to each other and only one of them (m or n) even ; now some one of 
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the 4 factors must be divisible by 19 as their prodact is so divisible, andt the 
quote and each of the 3 remaining factors most be squares, since they are prime' 
to each other and their continued product a square (y^) ; l^ifmbe -f- 19 we 
should have ws=19/)^, n^q^, »i-|rw=r2 and m — nzzs^ and •'. ldp^=q^-{-s^ 
'which is impossible by Art. 14, since 19 is not the sum of two integral squares, 
and indeed any number of the form 4n-4-3 cannot be the sum of two squares, 
for as 4:n+S is odd •'• one of the squares should be even and the other odd ; but 
the even square^4wi^ and the odd square^4m'+ 1 and /. the sum of bot.h== 
4m'+l. 

2®. If m+n be -s- 19 we should have mzzp^^ w = g% m+n=19r* and .*. 
p^-f?^=^9r^ which is impossible for the reasons just assigned in preceding 
case. 

3*^. If m — n be -^ 19 we should have mz^p^, nzzLq^y w+nrrr^ and m — n 

= 195^ giving 195^=r^ — 2^* or *2— ^ which is impossible by Art. 15 

since by hypothesis the coeft. 2 (of 2q^) is an impossible remainder of squares 
when divided by 19= a. 

40. If w be -f- 19 we should have p'^ + l^q'^—r^ and p^—l^q^^a^ two 
equations precisely similar to the original pair, and thereby indicating that if 
the proposed equations admitted of a solution in large integers there should 
also exist a solution in smaller integers, and thence again in integers stUl 
smaller, <&c., &c. 

This proof essentially depends on the coeft., 2 being an impossible remainder 
of squares to divisor 19 (=a) and .'. m^ — 2 not divisible by a (m of course 
bemg ^^) is an essential condition ; so also it is essential that a be a prime 
number and not the sum of two squares ; we may obviously unite this last 
condition to the other by stating that a must be a prime number, and such that 
neither m'^+1 nor w^ — 2 must be divisible by a, m being <-^, and when this 
is so a cannot be the common difference of three square numbers in arithmetical 
progression, for x^ + ay^, x^ and x^ — ay^ are still in arithmetical progression 
even when all are divided by ^^, &c., &c. 



Chapter II. 

On the possible and impossible cases of the two simultaneous equations^ 

a?*+^^= D and x^'^ay^zz D . 

17. The pair of simultaneous equations •]'^2Xs *— -n"--«2k ^"^ impossible. 

By elimination of x or y we get 2y^z=iz^ — w^ and 2j?^=8ti;^ — z^ and /• 
bj Art. 5, if the proposed equations were possible they should be so when x, y, 
2r, and ti7 are all prime to each other, and also z and w odd and /. y even, as 
appears from 2^^ =2^2 — w^ ; hence, by Art. 1, the general solution of the first 
equation is x-zzm^ — n*, yz=:2mn, m being prime to w, one even and the other 
odd, and as y was proved even .'. by Art. 3, the general solution of the second 
equation ^y'^zzz^ — x^ is y=2pg and z±zxz=Sp^ — ^^, je? being prime to q, one 
even and the other odd ; and equating the values of y we must have mn=pqj 
now this equation can subsist only thus, m=a5, p=^ac^ q^.hd and /• nzzcd 
where a denotes the greatest C M of fn andj?, &c., and here a, &, c, d, must be 
all prime to each other (else m would not be prime to n, and p to q\ and one 
of a, hf Cy d, even else w, », />, and q would be all odd ; then m^ — n^zzx=: + 

(3pa— o2) give* a^^^c^d^zzSa^c^—b^d^, or /, .^^ +^,,^and as in the 

d^-h a^ 
fraction — -I- denominator — numerators: 2a2 and 3 numerator — denomina- 

(P + Sa^ 

tor=:2c^ and as a is prune to d /• 2a^ and 2d^ can have no C M but 2 .'• the 

d^A- a^ 
fraction — IL is either in its lowest terms already, or only admits 2 as C M ; 

d^-\-3d^ 
but 2 cannot be C M, for if it were we should have cP+3a^:^2ft2 which was 
ahready proved impossible in Art. 8, case 4® ; and if the fraction were irre- 
ducible we should have rf^+a^zzc^ and d^-\'Sa^=b^ which are exactly shnilar 
to the proposed equations, but having d and a instead of ^ and y, and a^ xzz 
m^^n^=d^b^^<:^d^=:(ab+cd) (ab^--cd) la > d and y=i2mn=:2abcd 
is >a .'. if the proposed equations admitted of a solution in great large integers, 
they should also admit of a solution in smaller, and thence in still smaller 
integers, &c., &c. ; and as there exists no solution in small integers .*. there 
can exist no solution whatever in rational numbers. Q.E.D. 

If we had taken x= — (3/?^ — q^) then Sp^ — q^zn — ^,'.=w2 — m^ gives 

— JI — _ which is exactly similar to the equation already obtained and .'. 

b2+3c^ ^cP 

impossible for similar reasons. See Evler^s Algebra^ Art. 230. 

18. — ^The pair of simultaneous equations -j 2X4 2— n f ^® impossible. 

If they were possible they should obviously be so when x is prime to y, and as 
jg2 j^y'i could not be a square if x and y were both odd, /. one and only one 
of them must be even, and we may suppose it is y that is bo, for if x were even 
and = 2a' our two equations would become y^+o/^zz d andy2+4x'2=: a and 
y being odd this .'. returns to the case or supposition of x odd in the two 
primitive equations and this case is .*. the only one that requires proof; now by 
Art. 1 the general solution of the first equation is x^p^ — q^ and y=^2pqyp 
being prime to ^, one even and the other odd and as ar is odd and prime to y 
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.'. it is prime to 2y and /. bj Art. 1 the general solution of x« + (2y)*= d 
is .1 =m* — n' and 2^=2f7m, m being prime to n one even and the other odd .*. 
mn= 2pq ; here if m be odd this equation shows that its prime factors must be 
found among those of /> and q •'• the equation can subsist only thus, m=a6, 
p=ae, qzzbd, and /. n=r2«^ and then w* — n^z=:x=^p^—'q^ ^ves a?b^ — 

4c'^€Pz=a^c^^b^d^ or /. 21+^— — o, ft, c, A being all prime to each other 

and one of them even and •*. -- is only the fraction — IL reduced to its 

lowest terms ; now denominator — ^nimierator=3(f^ and 4 numerator — deaomi- 

nator =:3a^ and as a is prime d .'. the fraction — — could have no C M 

^ a2+4J2 

but 3, but even 3 cannot be a M since a^-|-^ is never divisible by 3 when 
a is prime to d (Art 8, Case 1°) thus the fraction — -L is ab-eady in its 

lowest terms and .*. we must necessarily have a^+d^=c^ and a^+4d^z=b^j a 
pair of equations precisely similar to the primitive pair r^-j-^^^; g a^^ x^-^- 
4y2= n , but having a and d instead of x and y ; now ^=:2pq=:2abcd is 
> e?and x=p^-^q^=a'^c^^b^d^=:(ac+bd) (ac^bd) is > a so that if the 
two equations proposed could have a solution in large integers for x and .v they 
should also be fulfilled by smaller integers (a and cZ) for x and y, and thence 
again by still smaller integers for x and y, &c., <fec., and as there exists no 
solution in small numbers .*• there can be none amongst even the largest num- 
bers ; if n (and not m) were odd in the equation fnnz=:2pq then the 2nd equation 
m^ — n^=zp^—q^ could be written ri^^Tn^^zq^—p^ so that the conditions and 
demonstration would be exactly the same as before. Q.E.D. 

Cor. — Fence alsoy* — ^y*+l= d is impossible ; for if it were possible we 
should, by putting 07=^2 — 1^ obviously have x^+y^^z n and a;2 + 4y*= a 
which have been just proved impossible in integers and .*. (by Art. 6) impos- 
sible also in fractions. And in like manner the impossibility of y^ -j-y* + 1 = a 
follows from that of the two simultaneous equations, x^ — ^y^= D and x^ — 
4y«= D where xzzy^ + 1. See Art. 33. 

Cor, 2. — From Articles 17 and 18 it follows by the method in Cor. 2, Art. 
12, that each of the nine following pairs is impossible, viz. : — 

M7«— y2=:j;2 z2_^2--3y2 jz2— 2y2=w;2 2;2— M;2 = 2y2 M?2— a?«=:y2 



u;2+2y2=a?2 z^+2x^=3wAz^^Sy^=:x^ 



3w^—z^=z2x^ 



3m;^— 2a?2=2* 



tt;2- y2-,^2 

w^ +3y«=^« ««— 4y2 z= ^2 



22_3y2— ^2 z2_^2 — 3^2 |M;2_aj2— y 



2 



4^2 _;j2 — 3^.2 1 4^2_3 -p2 -. g 



Cor. 3. — ^There cannot be four square numbers in arithmetical progression ; 
if possible let w^, x^, y^ and 2^, be four such square numbers, w^ being the 

^ O 2 2 o^ 2"^ 

least and ^^ the greatest, we should then have io^JZjilT^sr r takea/=y'^* — 

«2m;2— y2(2y2— ^2)_<|.2(24r2_y2)=2y*— 2a:* and y'zz2xyzwy and then it is 
evident that a/*-J-y'2=(y*2^4"^^«^^)* ; and by eliminating w and z from the 
value of a/2+4y2 ^j means of the two original equations we find a/* -1-4/*=: 
4(y*—a:*)2 + 16*2^2^2,^2 -. 4 (y4_,4)2+ 16^.2^2 (5a;2y2_2ar4— 2y*) .-. = 
4(y* — 4a;2y2^_x4)2 and thus if there could be four square numbers in 
arithmetical progression the two equations a/2^y2:= □ anda/2+4y^=: a would 

be simultaneously possible, but this cannot be by Art. 18 .'. &c. 
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19. — Prom observing that the equation — H- — = — in Art. 17, would be 
falfilled if we could have a^-\-(P=nc^ and a2+3(i^==n62, and that we would 

\ jf** .X. |y2 T/t^ r 

then have x=a^c^ — o^<P and t/^=2abcd, to fulfil the equations ■< 2 Tq 2 2 r 

a* 4- d^ c^ 
and from a perfectly similar remark on the final equation X =_ in Art. 

1 8, where we would then have ar=a^c2 — b^d^ and y=2abcd to answer the 
equations ■)^.2 4l4 2 2 c" we are easily led to the invention of the following 

GENERAL THEOREM— 

The values of X and Y in X^ + Y^ = a =2^, and X^ + abY^=: a = W* 
can be deduced or obtained from the values of x and y in the auxiliary equations 
ss^+ay'^zznz^ and y^-{-bx^zznw'^^ in fact, I say, that XziJr^^^ — y'^z^ and Y= 
2xyzw will answer. 

DEMONSTRATION — 

For then 'tis evident that X^ + Y^=(x^w^+y^z^y and so the first condition 
is fulfilled; now nX.z:zx^(y^-{'bx^)^y^(x^'\'ay^) -\ =zbx*^ay^ ; also n^Y^ 
= 4xV(a;2+ay2^(?/2-f-6^2) /. =4x^y\l + ah) + 4:bx^y^+4:ar^y^ and so n^. 

(X2 + obY^ ) =b^j;^—2abxY +a V +4a5 (1 + ab)xY+^ab^'^^!/^+^a^^^^y^ 
=:{bx*+2abx^y^+ay*y,mdhenceX^+abY^={bjc^ + 2abx^y^+ay^)^-^n^.'. 
=: D and thus these values of x and y satisfy the second condition also Q E D. 

By taking a^bzz — 2 and n=z — 1. This general theorem shows that the 
solution of ic^+y2— □ and j?2+4^^= D could be obtained from the solution 
of 2y^ — x^-=.z^ and 2 a?* — y^szie;*, as was proved in the preceding Cor. 3 ; but 
without limiting the value of w (supposed negative) 'tis evident from this gene- 
ral theorem, that the solution of a?2+y^=z2 ^^j^ a;* ^4^2—^2 could be 
obtained from the solution of 2y* — x^zzi.inz^ and 2x'^ — y^^mijo^^ and as the 
former pair of equations has been already proved to be impossible .*. the latter 
{2y^ — a:* =/»«*, and 2ic^ — y'^=^nw^) are also impossible simtdtaneoicsly, what- 
ever rational number n may be — 

By taking a=5=2 and n positive, we see that x^+2y^=nz'^, and y^+2j;^ 
zzLUvo^ must be also impossible together, as otherwise, the pair j?2^y2-- q ^nd 
35^ -f-4y 2 1= D would be possible, as proved in this general theorem; see Cor. 
1, Art. 8. — In some of the subsequent articles it is proved that a;* -J-^*—- □ ^nd 
a?*-}-Aj^*= D are impossible jointly (not separately) when A is any whole num- 
ber -< 20 except 7, 10, 11, or 17 whence we can infer by our general theorem 
the impossibility of transforming simultaneously into squares, an immense 
nnmber of pairs of quadratic formidae of the form ax'^ +^y^, and we have already 
observed Cor. 2, Art. 12, that the proved impossibility of any pair involves with 
it the impossibility of 5 other pairs which are easily found from the given pair 
Exj gr. as the two equations a?*-!-^^-- □ ^nd ^'^ -[-6^2:= a are impossible 
(Art, 23) .*. by our general theorem, the pair (a;^zfc:2y2)n=z a and (^^zi= 
3x^)n= D are also impossible together whatever rational number n may be ; 
and by conceiving n negative when the lower sign ( — ) is used, it follows also 
from our general theorem that 2y^ — x^=znz^ and 3x^ — y^z=nw^ are impossible 
n being any rational number. 
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Cor. — By taking b^l and interchanging z and w in onr general theorem, 
we see that the solution of X2+Y2 = Z2and X2+aY«=W»can be obtained 
from the solution of «^+y*=«r^ and a-^+ay^rrwii?^, merely by taking X = 
y^w^ — x^z^ and Y:=2xj/zw; and then again, by taking n= 1, this general 
theorem shows ns how to find a solution in great wh. numbers from a knowB 
solution, in smaller integers, of jr^+^^s: a =2^ and J^^+ay= d =m?*, for 
then new Xzzy^w^ — x^z^.\^ay^ — a?* and new Y=2xyzw in all cases; 
Ex.gr, — let a= 7, so that the two equations to be solved are x^-^-y^^i u^zz^ and 
a:2+7y2= u =^w^ taking w=2, we see that one obvious solution of the two 
auxiliary equations ar2+y*= 2 «* and ar*+7^^=2tt;* is x=y=e=il and w=^2 
and .'. ^ above, X=y^te;^ — x^z^^=^Z and Y=^3syzvj=4t is a solution of the two 
proposed equations, and now, using these values of X and Y for x and y we 
thence get another solution as indicated above, viz., new X=ay^ — r*=a=7.4* — 
3*i=1711, and new Y5=2aTy«w=:1320 which may be now used for « and y, 
and thence a new solution in still larger integers can be again obtained, dec. &c 

As another example, let a=17, so that the two equations pioposed, are 
a:*+y2=- q — -;g2 andx^ + l^y^^ D =rti;^,and taking as above n=:2 viz., apos- 
sible remainder of squares to modulus 17 or 7 (see Art. 15) we see tbat 
one obvious solution of the two auxiliary equations x*+y*=2«*, and jr* + 17y* 
=2w^ is x==y=z=l and iit=3 and •'. by the above Cor. ^—y'^w^ — a?V=r 
8 and Yz=2j;yzti;=6, or taking their halves ^=4 and y=d is a solution of 
the two proposed equations whence another solution is immediately got by the 
method indicated in the Cor. viz. new X=ay* — ^af*=1121 and new Y^ 
^ocyzwzzilh^O^ which numbers may be now used for x and y^ and thence a new 
solution in still larger integers can be again obtained by the same method, &c. dbe. 

As a third example, let a=ll then taking nz=:5, viz., a poastbk re- 
mainder of squares to modulus 11, and also the sum of two squares (see 
Articles 15 and 14) we see that one obvious solution of the two auxiliary 
equations a:^+y^=5«S and ar^ + lly^=:5t«;* isa;=z=l, y=2 andu'=3, and 
so ^ Cor. Xszjy^u;^ — a;^2^=35 and Y=2a;yzt&=12and these are the leasl 
values of x and y to fulfil the two proposed equations x^ •^y'^zzz^ and x^-^l ly* 
=u;^, they give ^=37 and t&=:53, and thence again by the Cor. new X = 
lly*— a:V.= 127^529andnewY=2jFyz«?=70 X 12 x 37x53= 1647240 and 
thence agam new X= 1^—^7^=11.1647240*— 1272529*, &c., &c. 

As a last example let a=10 then the equations to be solved are ^^4*^^= . 
D :=Lz^ and aj^ + lOy^— - □ zzw^^ here one obvious solution is a?=3 and y=4 
giving ;?= 5 and w= 13 and hence by the foregoing Cor. new X=10y* — ar*= 
2479, and new Yzzi^xyzw^^ 1560, &c., &c. And if we had to solve **+^* 
=<g2 and a:2+20y2--^2^ then taking 20=— 2 X— 10 and n= — 1 we have 
first to solve the two auxiliary equations, x^ — 2^^-- — ^2 auj[ ^a — 10^-^= — w^ 
whose solution is plainly 07=^= ;r=l and u;= 3, and hence, by our general 
theorem, new X=aj*iy^ — y^^^=8 and new, Y = 2ay^tt;=6, or taking their 
halves 07=4 and ^=3 fulfil the proposed equations, giving zz^h and te;=14 
and thence again by the Cor. new X=20.3* — 4*= 4x341, and new Y= 
^xyzwzzA: X 420, so that 07=341 and ^=420 will do, and thence again by the 
Cor. new X= 20.420*— 341*, &., &. 

20. The two auxiliary equations a?^+y^=w^^ and n;^+ay*=nie;2, by taking 
5^=z=l, a:=B and m;=A give »=B2+1 and /. a=(B2 + l) u4>— B^ so that 
whenever a=(B2 + l) A^— B2=A3B«=t:(A2— B^) then the proposed equations 
a;^+y^= D =5?^ and 052+0^^= Uzzw^ will be simultaneously possible; for 
then the auxiliary equations are obviously fulfilled by the above mentioned par-* 
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ticular solation, vis. : jfz=z=l, a*=B andte;=A, which by Cor., Art. 19, gire 
new X=y2«;^ — cf^z^.^zzK^ — B^ and this value of d? in the proposed equations 
would =:0 if B=:A, and thence every derived new Y'3=2XYZW would=0 
which would lead to no real solution (nor useful result) of the proposed equa- 
tions; hence we must be careful not to takeB=A (nor •'. a=rA^) in a=A^B^ 
db(A2— B«) ; B=l gives az=2 A^— 1, which includes the integers 7, 17, 81, 
49, 71, 97, 127, &c ; B= 2 gives a=5A2— 4 or 8A2+4 which includes 
the integers 41, 52, 76, 79, 112, 121, &c.; B=8 gives a=10A2— 9 or 
8A2+9. In fact we see that — 
2&3forA&B(orforB&A)givea=A«B»db(A2— B2)=36 ±5 =31 or 41 

264 ... ... a= ;.. =64 =bl2=52 or 76 

265 ... ... a= ... =100=ii21 = 79 or 121 

266 ... ... a= ... =144zh32 = 112orl76 

3&4 ... ... a= ... =144=b7 =137orl51 

&., &c. 

Tlie same auxiliary equations, by taking ^=2, ;8r=l, a;=:B and U7=A give 

«=B2+4 and 4a=(B2+4)A2— B^ and here if B were even and =2B' we 

would get a=(B'^+l)A* — B'=* which brings us back to the preceding case 

5^2 1 

already considered, we •'. take B odd, and 1^, B= I gives a= which 

4 

includes the integers 11, 31, 61, 101, 151, &c., <&c. 

2<>. B=3 gives a= which includes the integers 27, 79, 157, &c. 

4 

The same auxiliary equations by taking ^=3, £=zsl, a;=B, ti7=A give n=B' 

+9and a=A«+ B^ x ^^~^ and then A==8 gives a==7B«+64 which in* 

9 
eludes the integers 71, 92, &c, and A=10 ^ves a=llB2-f-100 which con- 
tuns the integers 111, 144, 199, &c. 

Again, taking ^=4 and z=l, a^=B which must be odd in order to be prime 
to y, and ii?=A, the same auxUiari/ equations give n=B^ + 16 and a=A'-|- 

B^X ^^—^ and here A= 7 gives us a— 3Ba+49 and A=-9 gives a=« 
16 

dB^+^l* which contains 86, 124, 126, <&c., besides some of the integers already 

otherwise found for a. . . . By taking y=6 and z^^l we would find 

in a sinular manner that a could be =8B2+289 or =»10B2-f.361. 

The atacUiary equations are evidently satisfied by the particular solution 

ii;2 15 

x=4, ^=8, 2;s=5 and n=l if a= ; and to have a integral take 

ti;=9n=b:4 and .'• a=9n^±8n which includes the integers 17, 20, 52, 57, 

105, 112, 176, &c., some of which values of a have been already found 

otherwise. The auxiliary equations are also evidently fulfilled by the particular 

w^— 9 
solution a;=3, ^=4, ;sr=5, n=l, if a= and to have a integral take 

16 

tt^=8n±3 and .'• a=4»a=t:3n=7, 10, 22, 27, 45, 52, 76, 86, 115, 126, 

152, &c. In like manner a;=12, y=5, z=13, n=l and ti;=25n±I2 would 

give a=25n^±24n=49, 52, 148, 153, &c. The same auxiliary equations 

1^2 25 

are obviously satisfied by a:=5, y=12, n=l, if a= and .'. if M; = 72n 

144 

db5 then a=36n2zt5»=i31, 41, 134, 154, &c. ; but if wc take M;=72nii=13 
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then a=36n'^±13n+l='24, 50, 119, 171, &c. The auxiliary equations are 
Also satisfied by a; = 15, v=8, w = l, if a= — II and .*. if w=S2nz±zlo 

we get a=16n2±15n=31, 34, 94, 99, 189, 196, &c. 

21. — In the auxiliary equations, x^-\-ay^=:nz^ and y^+bx^^nw^ of the 
general Theorem in Art. 19, let ^=y=rz=l /. ^ 1st Equation n^a+1 
which substituted in the 2nd equation gives 1 + 6=(1 -|-a)M?2 and /. abz:: 
a(a+l)w^ — a so that whenever o'=a(a+l)A* — a then the two equations 
a?2+y2-— □ and a:^4"^y= O ^U be simultaneously possible; we must not, 
however, take A=l (nor /. af^a^) for as a?, y, z, are taken each = l, if w 
(or A) were also =1 these values would give new ^(^^=x^w^ — y^z^)z=:0 from 
which no new solution could be derived : if a=l, then a'=2A* — 1 a formula 
already obtained in the preceding Art. 20 ; if a= — 2 then a'=2A2 -f- 2, but 
if o=2 then a'=6A2 — 2 which contains the integers 22, 52, 94, 148, &c. ; if a 
=3 then a'=12A2— 3 and A>1 gives a'=45, 105, 189, &c. ; a=:4 gives 
a'=76, 176. 

But if in these two auxiliary equations we take z=w and then eliminate n, 
we get (a — \)y^^=(p — l)a;* and .*. if a^l+wia;^ then must h^l-^-my^ and 
thence a!=ab=(l^mx^) (l-^my'^) but as z was supposed = w, /. x must 
not be taken=^ in the value of a', else new X==^'^m;2 — x^z^ would =0 from 
which no new solution could be found, nor useful result derived ; so that when- 
ever a'=(l +*nA2) (1+wiB^) and A not =B and .'. a! not a square nnmber 
then the two proposed equations x^-^-y^^ D =iz^ and a?2+a'y^= d ^=w^ wiU 
be simultaneously possible; if w=l then a'=(l+A*){l-f-B*) and here B=l 
and A not =1 gives a'=2(A2 + l) which contains the integers 10, 20, 34, 52, 
74, 100, &c., &c. ; and B=2 gives a'=5 (A^ + l) and here A not =2 gives 
a'=10, 50, 85, 130, &c. ; again m==— 1 gives a'=(A2— 1) (B2— 1) and here 
B=2 gives a'=3(A2— 1 ) which contains the integers, 24, 45, 72, 105, 144, &c. ; 
again m=— 2 gives a'=(2A2— 1) (2B2— 1) and here B=l gives (z'=2Aa— 1 a 
formula already obtained otherwise ; but B=2 gives a'=7(2A2 — 1)=7, 119 
217, &c., &c.; Again, r7i=2 gives a'=(2A2+l)(2B2 + l) and then B=l 
givesa'=3 (2A2 + 1) andA>l gives 0^=27, 57, 99, 153, &c. If only 
« = ! the first auxiliary Equation gives n=x^-\'ay'^ and thence the second 

equation gives ft ==1^2 -f-—(<Jw;* — 1) and if we take a=2, m?=5, x=7, this 

gives b=25-\-y^ and /. a=ab .\=2y^-\-60 and then new X=x^w^ — y^z^ 
=352—^2 and /, whenever a'=2A2+50 and A not =35 the two proposed 
equations x^+y^==n and a:^+a'y^=: a are possible together, thus of may be 
52, 58, 68, 82, 100, &c., &c. 

By taking x=l and a=2 our first auxiliary equation x^ 4. ay ^-—^^^ becomes 
l-j'2y^=nz^ and this is fulfilled by ^==2, z=3, and w=l, and then the 2nd 
auxiliary equation y^ -\-bx^ =nw^ becomes 4+5=t^2 giving b=w^ — 4 and .'. 
ab=af=z2w^ — 8 where tv must not be taken =6, else new X would =0; 
this formula a'=2A2— 8 contains the integers 10, 24, 42, 90, 120, &c. 

Again, xs=l and a =3, then the 1st auxiliary equation becomes l+3jy'= 
nz^ which is fulfilled by y=4, 2=7, and n=l, and then the 2nd auxiliary 
equation, y^ -{-bx-^z^nw^ becomes 16+J=m?2 and .*. ftzrw?^ — 16 and /• 
afzzab .•.=-3A2— 48 and (A not =28) gives a'=27, 60, 99, 144, &c 

Again taking a? =2 and a=z5 the first auxiliary equation or^+ay^zrn* is 
fulfilled by^= l==»,2f = 3,and then the 2nd auxiliary equation,^* ^ bs^ = nw^gives 
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1+U^w^.'. h=^^~^ and then a'=ah /. =-(w'^—l)==10, 30, 6Q, 100, 

4 4 

&c. ; the 1st auxiliary equation is also fulfilled by x=2, y=3, a=5, n=l, 2=7, 

and then the 2nd gives b= — II- and /. a^=ab=^^iw^ — 1) — 10 .'. =20, 

4 4 

50, 90, <fec. The 1st auxiliary equation is also satisfied by a=5, n=l, z=dj 

t^=4ty and a?=l, and then the 2nd equation gives b=w^ — 16 and /. a!^=^ab=^ 

5(^2_i6)=45^ 100, 165, &c. We found *=M;2+?!(aw2_l) and/, if 

a=^l u^=3 and ar=2, then b=9 + 2y^ and .'. a'=aJ==2A2+9=ll, 17, 41, 
59, 107, 137, &c., but if a=l, w:=7, and ;r=4 then b=-af=3y^+^d, a 
formula already found; also a=il^ w=9 and 37=4 gives ft=a'=5y^+81 
another formula found already ; again x=l, y=7, «=5, a=l and n=2 fulfil 
the 1st auxiliary equation, and then the 2nd equation gives ft:B=a'=2t(;^— 49, &c. 
By collecting all the results of Articles, 20 and 21, it follows* that the two 
equations x^-{-y^= n and x^'\'ai/^= a will be simultaneously possible when- 
ever a=2A2 - 49, 2A2— 8, or 2A2_1, or 2A2+2, or 2A2 4-9, or 2A2 + 50, 
or whenever a=3 A^ — 48, 3 A^ — 3, or 3 A^ + 4, or 3 A* + 49, or whenever 
:5A2— 80 or 5A2— 4, or 5A2+5, or 5A2 + 81, or 6A2— 2, or 6A2+3, or 



4A2=±z3A,or 9 A2db8A, or whenever a is«= diminished either by :]^ or 1 j[^, 

4 

or 11^, or 31;!^, or in fact whenever a is any of the following integers, 39 of 

which are < 100, viz., 7, 10, 11, 17, 20, 22, 23, 24, 27, 30, 31, 34, 41, 

42, 45, 49, 50, 52, 57, 58, 59, 60, 61, 68, 71, 72, 74, 76, 77, 79, 82, 85, 

86, 90, 92, 93, 94, 97, 99, 100, 101, 104, 105, 111, 112, 113, 115, 119, 

120, 121, 122, &c., &c. 

(/p2_i_y2 n ^2 ) 

22. — ^The two simultaneous equations, s oTk 2 r-i or are impossible. 

ix ^~*^y '^^^^ D =^iV'\ 

By Art. 5, if these two equations were possible they should be so when x is 

prime to y, and /. all prime to each other except perhaps z and w ; and as by 

Art. 1, z must be odd in the 1st equation, .'. the derived equation Ay^z=.iu^ — z'^ 

shows thatw?must also be odd and^even (since every odd square =8n+ 1); hence 

by Art. 1 the general solution of the first equation is x=im^ — ri^ and y=2mw, 

m being prime to n, one even and the other odd ; and by Art. 3 the genertd 

solution of the 2nd equation is ztixzz.bp'^ — q^ and yz^2pq ; p being prime to 

q, one even and the other odd ; hence equating the values of y we must have 

win=rp5', which can subsist only thus: wi=a^,j9=ac, 9^=56/, and .'.'nzzcc?, a, 5, 

c, d being all prime to each other, ond one of them even, (see Art. 17), then 

^2 — n^zzx'=zdri{bp^—q'*-) gives, by taking the sign +, a^J* — c^d^^iiba^c^ — 

h^d^ or /. — -!- — = — Now denominator — numerator of left hand number 
d^ + dd^ b^ 

=4a2, and 5 numerator — denominator = 4c?^, and as a is prime to c?, Aa^ and 4c?^ 

can have no CM but 2 or 4 ; but 2 could not be CM, for if it were we should 

have c?2^5a2 — 2J2 which is impossible (by Art. 15 or Arr. 9, case 3"), and 

4 could not be CM since a is prime to J, and .*. a^-{'d^ is of the form 4n-|-l 

or 4n+2 according as one or both of a and d are odd ; lastly, if the fraction 

d^+a^ 

■ ,Q . ., o be irreducible we should Have d'^+a^=:c^ and d^+5a^z=zb'^, which 
d^+oa^ 

being exactly similar to the proposed pair of equations we prove by the usual 
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argument that the thing is impossible in Uirge integers as there exists no 
solution in small integers, see Articles 17 and 18. By taking the^ sign — 

then m* — n*=i — (5p* — ^') can be written n*— m*=5p*— 5'* giving 



a« 



= _ so that the conditions and demnostration are the same as before. Q.E.D. 

28. — ^The two simultaneous equations •< aljg 2— n --wH *r® ^°^P^s*iWe. 

By eliminating a?, y, 5tf^=w^ — t^ and 60?*= 6z* — tv^j and as no ooeft 
of these four equations contains a square factor .*• by Art. 5, if the equations 
be possible at all they must be so when Xj y^ z^ w^ are all prime to each other, 
and also x and w prime to 6 (coeft. of y^ in the 2nd equation), and .'. both odd 
and •*• ^ 2nd equation y even, and the other three odd, as they are prime to ^ ; 
hence by Art. 1 the general solution of the 1st equation is :rz=m^ — 7i^,y ^2mn, 
and zsm'-f'^'f <^^ ^7 -^^^ ^ ^^ general solution of the derived equation 
5y^=sti7> — z^ is yzz2pqy and =ty; — 6jp^ — g^, m being prime to n, and /> to 9, 
one of each pair being even and the other odd ; hence we must have mn =pq 
which can subsist only thus : m=a&, pzzac^ q=zbdy and .'. 7i=cc?, abed being 
prime to each other, and one of them even, then m'+»2=-ez=zb(5/>^ — q^) 

gives, by takmg the sign +, a^^+c^<Ps:i6a^c^''b^cPy or .'. fl±fl=?! 

Now numerator -{- denominator of left hand member =:6c', and 5 numerator — 
denommator =:66^, and .*. as 5 is prime to c, — — — can have no CM ex- 

5(»2 J2 

cept 6 or a divisor of 6 ; if 2 were common measure we should have e^ +b^ zzz 
2a2 and 5€^^-b^=2cP giving 3c^=a^+d^ which is impossible by Art. 14, !<>, 

and indeed the equation 5c^—&^=2d^ giving c^^d^=:. is impossible 

5 

by Art. 15; and if 3 were common measure we should have c^ + ft^zzSa* 

which is impossible by Art. 14, 1® ; and if 6 were CM we should have c*-|- 

ft*=6a' which is impossible by Art. 14, 2® ; lastly, if the fraction ^ *" , 

5c2 — b* 

were irreducible like — we should havec^ +b^=za^sjkd Sc^ — 6^ zzd'giving 6c* = 

al^+d? which is impossible by Art. 14, 2®. Now taking the sign — , in the 
equations w2+n« = ;r==b(5p2—g2)^e get a^b^+c'^d''=ib^d^—5a^c^ or .'• 

J2 q2 ^2 62 _^ 

^ r-=— and as before, the fraction can have no common measure 

62+6c> df2 b^+6c^ 

except 6 or a divisor of 6 ; now 2 cannot be CM, for if so we should have 

6'+5c^=2{^ which is impossible by Art. 9, case 3®, or by Art. 15 ; nor could 

8 be CM, for if so we should have b'^+bc^^Sd^ which is impossible by Art. 

15 ; and if 6 were CM we should have b^—c^=ea^ and 6^+5c2=6rfa, giving 

c2-f-a^=c?^ and c*+6a^=6^ which being similar to the two original equations, 

but having c and a instead of x and y, and as c and a are <^a; and y we •*• 

infer that the proposed equations can admit of no solution in groat integers 

. b^ — c^ 
since they admit of none in small integers ; lastly, if were irreducible 

62+5c^ 
like ~ weshouldhave62— c^^a^ and i>«+5c2=rf^ or .•. a* + c'«=62 and 
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a^'^6c^sszcP which are also similar to the proposed equations, and from this 
their impossibility is inferred as in the preceding instance /. the proposed 
equations are incompatible. Q. E. D. 

24. — The two simultaneous equations -j aTft 2 n= af ^® impossible. 

By elimination 7y^=^tv^ — z^ and 7x^=Sz^ — w^ so that only one coeft. (8) 
contains a square factor. Now if the proposed equations be possible at all they 
must obviously be so when x is prime to y, and •*• by Art. 5, «, y, z and w all 
prime to each other except perhaps x and Wy whi«h if not prime to each other, 
"when the rest are so, could have no CM but 2 ; but thb cannot be, for if^o? and w 
were even, y which is prime x should be odd, then putting x=2af and «;=2t«/ 
the 2nd equation ^ves y^=J (vt/^ — a?'^) which is impossible since y^ is odd^ 
and ^u/^ — a/2 ) must clearly be even if it be at all an integer ; thus y must be 
even and •'. the other 8 odd, as they are prime to y, and then by Art. 1 the 
general solution of the first equation is x^=^m^ — n^ and ^=:2mn, m being prime 
to n, even and odd ; and by Art. 2 the general solution of the 2nd equation is 
dba^2p2 — q^ and y^^p^* q being odd and prime to p^ which must be even 
flince ^ is so ; hence we must have pq=^2frmy which, as 9* is odd, can subsist 
only thus : q=aby m-^aCf n=bd and .*. p=2cd, a, 5, c, d being prime to each 
other, and one of them {c or d) even, else m and n would be both odd, then 
equating the values of a?, first taking the sign +, viz. m^ — n^=i2p^ — q^ gives 

a»c3— 52eP==8c2d|2_flj252 or .*. ^^+^^ «=^ and, as in the preceding Articles, 

&2+8c2 a* F 6 f 

the left hand member can have no common measure but 7, since b is prime to c ; 
nor can 7 be CM, for if so we should have h^'\-c^=ld^ which is impossible by 
Art. 14, case 3°; and if there be no CM we should have h^'Yc^=dP and ft^-f. 
8c' =a^, which being exactly similar to the two proposed equations, but having 
h and c instead of x and y, and as h and c are ^x and y we /• 
infer as usual that the proposed equations can admit of no solution 
in great numbers as they admit of no solution in small integers ; if we 
had taken — ar=2p2 — q^^ then the equation m^ — n^z=x=q^ — 2/?^ could be 

written n* -m2=22>'^—g'2 or/. — -L =__ so that the conditions and demon- 

^ a2+8^ 52 

stration would be exactly the same as before .'., &c. Q. E. D. 

Cor. — ^The equation 2x^ — 3a?2+2= n =^' is impossible when x and z are 
rational: For putting a:^— l=2y and a:2+l=:2«; we get ay^+y^-— ^,2 ajj^ 
a*2+8y^=-e^, which were just proved to be impossible in integers, and .*. also 
in fractions, see Art, 4, the case of y=0, or .'. a?=dfcl, being the only excep- 
tion ; see Art. 143 Euler^s Algebra, 

Cor. 2. — Hence also the two simultaneous equations, x'^z±i2y'^=im^ and 
y*±4a'^=s«tt;^ are impossible, whatever rational number n may be j for by the 
general theorem, Art. 19, if these, were possible, the equations, x^+y^zz D 
and ^*+8y'=r d should be also possible ; and by taking the lower signs (— ^ 
and n negative, it follows that the equations 2y^ — x^zznz^ and4aj' — y^:=nwi^ 
are also impossible, n being any rational number. 

25. — ^The two simultaneous equations < ^jIqL^'^ n'^wH *"^® impossible. 

If these equations were possible at all, they should be so when x is prime to y^ 
and not divisible by 3 ; for if I were a common measure of x and y, we could 
divide off by #- ; and if x were divisible by 3 and /. y not so divbible, since 
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it is prime to x, then putting 3a/ for «, we should have y'+a/^= D and 
t/^+2a/^=z D which are exactly similar to the original pair ; but here t/ is not 
divisible by 3, hence then it will be sufficient to prove the impossibility when x is 
prime to y, «id not divisible by 3 and .'. x prime to 3y ; now 1** — if a; be even 
and •*. y odd, the general solution of the 1st equation is a? =2mn and y=w^ — n* 
m being prime to n, and they even and odd ; and as a; is prime to 3y, and 
even •*. the general solution of the 2nd equation, by Art. 1, is x^z2pq and 
3t/z=p^ — q^^ hence mn^=pq^ which can subsist only thus : mz=ab, pz^ac, q^=bd 
and •*. n::zcd, a, &, c, (f, being prime to each other, and ono of them even, and 
then p^^q^=:3y .'. =3(m'— w^) giyes a^c^—b^d^=i3(a^^—c^d^) or /. 

--r — ^-;, = ^' now the fraction _, , . , has numerator + denominator 

=4(a^+rf2) and denominator — numerator = 2 (a^ — d?) and as a is prime to 
d .*. a^'\-c^ and a^ — d^ can have no C M but 2, and that only when a and d 
are both o^d .'. our fraction has no C M but 4 or a divisor of 4 ; if there be no 
C M we must have d^J^3d^=^h'^ and d^+3a^=:c^, giving 62+c2=4(a2-|-^) 
an impossible equation, since J^ + c^ will have the form 4w-|-l or 4n+2 
according as one or both of h and c are odd ; and they cannot be both even, as 
they are prime to each other; if 2 were CM we should have a2+3^=2ft* 
and d^'\-3a^=^2c^ each of which is impossible by Art. 15 ; and if 4 were C M 
we should have a^+3d^z:z^h^ and d:^-\'3a^=4:C^ giving a^+d^zuh^+c^ 
which is obviously impossible, as only one of a, 6, c, e?, must be even, and 
the other three odd. 2** — if x be odd and .*. y even, then the general 
solution of the 1st equation is x-zzm^ — n^ and y=:2mny and the general solntion 
of the 2nd equation, when x is odd and prime to 3;/ is, by Art. 1, x=^p^ — g* 
and 3y=i2pq hence we must have pq=:3Tnn, m being prime to n, and j9 to 9, 
one of each pair being even, and the other odd ; this last equation shows that 
either p or q must be divisible by 3 ; let it be p that is so, then the equa- 
tion can subsist only thus: p=3a5, mzzac, nzzzhd^ and •*• qz=cd^ and then 
m^ — n^=:x^p^ — q^ gives a^c^ — b^d^=:da^^ — c^d^, if q, and not p were 
divisible by 3, we should ' find a^c^-^b^d^zza^b'^—dc^d^ or /. 
b^d^ — a^c^=:9c^d^ — d^b^, an equation exactly similar to that already found 
when p was supposed ^3 so that it is quite sufficient to consider only this 

d^+a^ b^ 
latter case ofp'^3 which gives ^ =r— where a, b, c, d, are prime to each 

d^+da^ c^ 
other, and one -of them even, since m is prime to », and/? prime to q, and one 

of each pair even : now — Z_ — can have no C M except 8 or a divisor of 8 ; 

d^ + ^^^ 
if there were no CM we should have c?^+<'^=^^ ^^^ c?2+9a2=c^, two equa- 
tions precisely similar to the original pair, and thereby indicating that if there 
existed a solution in large integers, there should also exist a solution in smaller 
integers, and thence again in integers still smaller, &c., &c. ; for 
xzzm^ — n^zzd^c^ — b'd^z=(ac-\'bd){ac — bd) which is > a, ft, c, or J, and 
f/zz2mn .*. z=2dbcd is also > a, ft, c^ord; and so as there exists no solntion in 
small integers, there can /. can exist no solution whatever in integers nor even 
jn fractions ; see Arts. 4 and 5. If 2 were C M we should have d^+9d^z=:2c* 

or /• 3a^= which is impossible by Art. 15 ; it also gives — JL— =c* — 3a* 

3 3 

which is impossible by Art. 8, 1® or Art. 14, V. 4 or 8 cannot be common 
measure, since a is prime to d and /. a^-f-rf^ ^f ^1^^ f^j-j^ 4N4-1 or 4N-|-2, 
according as only one, or both of a and d are odd •*. &c. 
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26. — ^Tbe two simultaneous equations < 24, To 2— 2} are impossible. 

If these equations be possible, they must obviously be so when x is prime to 1/ ; 
snd then x cannot be even ; for if so y should be odd and •*. ^ 1st equation z 
also odd, and as every odd square zzSn+1 /• the first equation giving 
a?* =^2 — ^2 shows that x should be divisible by 4, let /. a?=4a/ then 
^(a:2 + 12y2)=:4^2^3y2 ^^id asy is odd, this is of the form 4:n+3 and •*. 
could not be a square, since every odd square has the form 47i-|- 1 : Again if x be 
odd ^ and y even, the general solntion of the first equation is, by Art. 1, 
xrrwi^ — n^^ y=2m7i ; and by Art. 8, the general solution of the 2nd equation, 
when y is even, is y=/>$' and dtzxzizSp^ — q^ ; m being prime to w, and p prime 
to g, one of each pair being even, and the other odd; hence pqz=:2mn, and if 
p (and not q) be even, this requires pzz2(ib, m=:ac, nzzbd, q=zcd ; a, b, c, d, 
being prime to each and one of them even, and as ni^ — n^=zxr=: zti(3p^ — q^) 
by taMng the sign — gives us n^-^^m^^zSp^ — q^ which is quite similar to the 
condition or equation m^ — w^— 3^2.^2^ g^^ Ijy. taking the sign + (w* ^^^ ** 
being merely interchanged, which change does not affect the other condition 
pq=:2mn) it will .*. be sufficient to consider and disprove this latter equation, 

d^A-a^ b^ 
which gives a^c^ — b^d^=:12a'^b^ — c^d^ or — _L — 2=— and as a is prime 

d2 + 12a c* 
to ^ the left hand member could obviously have no common measure but 11, 
but by Art. 14. 4®, 11 could not divide d^+a^ when d is prime to a; so we 
should have ef^+a^zzft^ and d^+12a=c^y which being similar to the proposed 
equations indicate thereby that there can be no solution in large integers, as 
there exists none in small integers. But if q (and not p) were even, then 
pqz=z2mn could subsist only thus, qiz2ab^ m=ac, n^bd^ P=^^^ ^^^ ^^^^ 

fn2— n2^ic«: + (3»2-_o2) gives aV— 62^=3 c2d2—4a262 or ^!JL^=-^ 

^^ ^ ^ ' ^ C2 + 462 d^ 

and as before, the left hand member could have no common measure but 11, 

but this cannot be, since by Art. 15 each of the equations b^-^-Sc^^zlla^ and 

c^+ih^zullvP is impossible; and if the left hand fraction were irreducible we 

should have b^+Sc^zza^ and c^+4h^=d^ giving (2by+c^= D =d^ and 

{2by-{'12c^=: a =(2a)^ which, being somilar to the two original equationsj 

thereby indicate the impossibility in great numbers, as no solution exists in small 

nnmbers. 

Cor. — ^Hence by the general theorem. Art. 19, the two equations 

<x*z±i2y^=:n z^l . .,, , ^, . (x^ztiSy^rznz^') 

\y^do6l^=znw^i are impossible, as also the pair |ya-t4^2-^^2j- 

27. The two simultaneous equations < «jli3t/^— n — w^f *^® impossible. 

If these two equations be possible at all they must obviously be so when x is 
prime to y, and as the first equation shows that x and y cannot be both odd, so 
the second equation shows that x could not be even and y odd, for if so 
x'-^l%^ would be of the torm 8n-|-5, which can never be a square number, 
at every odd 8quare^8n-|-l, and ibis also shows that if ip be even and .'. y 
and 2 hoih odd in first equation, then x should be divisible by 4 ; so if the 
thing be possible at all d: must be odd and y even, and then the general solutiom 
of tibie first equation is a7=:m^— n^, yz=:2mn, and by Art. 3, the genetal ^ution 
t^ the second equation nnder these circumstances is ^= 2pq and dba;=r 1%7^<~4^ 
1K> tiiat we most have tnnzzpq which can be satisfied only thus mr:a5, jp=a(^ 

E 
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q = hd and .*. n^zcd : a, 6, c, c?, being prime to each other and one of tbeni CTen, 
and then m^ — n«=a:= + (13/>2— ^2) gives a^i^z^c'cf^zzlSa'c^— ^2^ or/- 

. "* = — ; but if we take — x=^ ISp^ — q^ we would have »^ — m^^ — 

a; =13^^ — ^^, an equation exactly similar to the foregoing, so that it is qnite 
sujficient to prove the impossibility of — -L — =— , and here, if there be no 

commen measure, we should have c^+a^zzc^ andc^^ + lSa^zzft^ two equations 

precisely similar to the original pair, but having d and a (which are <[ar and^j 

instead of x and ^, &c., &c. 

252 ^2 

If 2 were CM we should have d^ -{-IZa^ zz2h^ or a*= — : impossible by 

Art. 15. If 3 were CM we should have cP+a^zzSc^ which is impossible by 

Art. 14, 1®. If 4 were CM we should have €?^+a2=:4c2 which is impossible 

when d is prime to a and /. d^ •^a^^=^n^l or 4n+2. According as one or 

both of d and a are odd. 6 or 12 cannot be CM since c?2+a^ is never divisible 

by 3 when d is prime a, Art. 8, 1®. Hence if it were possible at all it should 

also be possible in small integers, and as no solution exists in small numbers /• 

the equations are impossible simultaneously, 

Ca?2 J- «/2 zz n = :j2 ) 
28. The two simultaneous equations < 2X14. 2— 21" are impossible. 

By subtraction 13^^— ^^2 — ^^2 ^nd here as no coeft. contains a square factor 
.'. by Art. 5,- if the proposed equations be possible at all they should be so when 
a?, y, z, and w are all prime to each other, and moreover x and w prime to the 
coeft. 14 and .*. both odd and .*. y even (^ first equation) hence by Art.l the 
general solution of the first equation isx=im^ — ri^, yzz:2mn and ^=m2+n^and 
by Art. 3 the general solution of 13y^=w'^ — z^, when y is even, is y=:2pq and 
±2=13p^ — q^y m being prime to w, and p to q, one of each pair being even 
and the other odd, hence we must havemrazzj^^' which requires m=a6, ^=ac 
q=bd and /. w=cc?, a, 5, c, d, being prime to each other, and one of them even, 
else w, w, /), and q would be all odd ; and then m^ -(- w^ = 2 = zt ( 13p^ — 7^) gives, 

by taking the sign +, a^^+c^d^^lBa^c^-^b^d^, or /. ^^+^^=— andif 

there be no CM we should have a^+d^=c^ and 13a'— ^l^ -.52 ^r /. 14a'z= 
52 ^ ^2 which is impossible by Art. 14 ; if 2 were CM we should have a^+d* 
= 2c2 and lSa^—d^=2b^ or .'. 7a^=b'^ + c^ which is impossible by Art. 14, 3®. 
If 7 were CM we should have a^+d^z=7c^ which is also impossible by Art. 
14, 3°. lastly if 14 were CM we should have d^+d^zzl4^^ which is impossible 
by Art. 14, 5°. Now takmg the sign— >.c. z=^(13p^—q^)'^q^^l3p^ then 

m^ + n^=z=q^—lSp^ gives a^^ +c^d^ =b^d^—lSa^c^ or.'. ^"~^^ — ^ 

and if there be no common measure we must have d^ — a^=:c^ and d^+lSa^rz 
52 or .'. c^'^'a^=d^ and c^ + lAa'^^b^ two equations similar to the proposed 
pair, where c and a replace x and y and are <[ j? and y, showing that if there 
were a solution in great integers there should exist a solution in smaller, and 
thence in still smaller integers, &c. If 2 were CM we should have d^ -f- 13a'=: 
2b^ which is impossible by Art. 15. If 7 were CM we should have ^^+130* 
= 76' which is impossible by Art. 15. Lastly if 14 were CM we shonld have 
d^—d^zzUc^ and d^ + 13a^=:Ub^ giving a^ + c^zzb^ and a2 + 14c'=d» 
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'vrhich are similar to the original pair of equations, as in the first case already 
considered •*• &c. Q.E.D. 

Cor. — By carefully considering the final conditions, and the demonstration of 
Articles 23 and 28, we are naturally conducted to the discovery of the following 

GENERAL THEORXM. 

The solution of X2+Y2= D andX2+(a4-l)Y2= d can be obtained from 
the solution of the two auxiliary equations x^dtzy^^znz^ and ay^-=px^'^nw^ ; 
in fact I say X^^r^jzr^ — y'^w^ and Y=z2xy zw will answer. 

DEMONSTRATION. 

For then 'K.^+Y^i:z(x^z^+y^w^y and so the first condition is fulfilled; 
again nK^x^{v^d=:i/^) — i/^(ay^=px^)zzx*dt:2x^i/^ — ay^ and n'Y^zi 4x^^/2 

(x2zizy«)(a^2=+La:2)= (4a— 4)a: V==*=4j'^y^±4«V®a;« and /. ^^(X^ +a"+T. Y^) 
zzix^ztz 4ar6y2 ^ (4— 2a)a?V =F ^tax^y^+a'^y^ -f (4a2— 4) ;rV^=;=(4a-|-4) 
ar«y« =1= (4a2 +4a) y^x^ =:x^ ^jz 4.ax^y^ + (4a2 — 2a) xY ± 4:a^y^x^ + a^y^z= 
(x^=p:2ax^y^—ay^y and /. X^ + {a+l)Y^=(x^z:p2ax^y^—ayy ^ n^ /. 
= a and thus the 2nd condition is also fulfilled. 

Cor. 2. — From the preceding general Theorem and what has been demonstrated 
in Articles 17, 18, 22, 23, 24, 25, 26, 27, and 28, it follows that the two 

simultaneous equations -j 22— 2{ are impossible whenever a= 1,2, 3, 

V if • J 

4, 5, 7, 8, 11, 12 or 13, whatever rcUumal number n may he. 

29. The two simultaneous equations, -j 2X15 2— . r-, — 21 are impossible. 

Here 14y^=ic;^ — z'^ and as no coeft. contains a square factor /. by Art. 5 if 
the proposed equations be possible at all they must be so when a;, ^, z^ and w^ 
are all prime to each other and also w and z prime to 14, and .'. both odd and 
.*. y even as the equation 14^^ =r w^ — jzr^ indicates, as every odd squai*e = 8N+ 1 ; 
and y being even a;, z, and w^ which are prime to y must be odd ; indeed it is 
evident that if x were even and y odd, x^'\'lby'^ would be of the form 4n+3, 
which can never be a square, as every odd square =8N+1 ; and now as y 
must be even /.by Art. 1 the general solution of the 1st equation is, x:=.m'^ — n^^ 
and y=z2mn; and by Art. 3 the general solution of the 2nd. equation is 
T±zx^il5p^ — q^ or else =5p^ — 3^^ and y=i2pq; m being prime to n 
and p prime to q one of each pair being even and the other odd ; hence 
we must have mn=zpq which as usual requires mzzab, p=:ac, q=zbd, and 
n:=icdy a, 6, c, c?, being prime to each other, and one of them even ; m^ — 
n^ zz X = ±. (15;>* — q"^) and here taking the sign — , gives n^ — ra^ = 15/)^ 
— q'^ which is exactly similar to m^ — n^ = + (15^^ — q^) got by 
taking the sign +, .'. it will suffice to prove the impossibility of this latter 

equation, which gives a^b^—c^d^=Ua'^c^—b^d^ or /. ^^+^^ —f. and 

d^ + lba^'^b'^ 

as a is prime to c? it is evident — JL can have no common measure but 14 

<f^ + 15a2 

or a divisor of 14 ; if 14 were CM we should have d^+a^—l^c^ which is 

impossible by Art. 14. 5° — If 7 were CM we should have c?^ + a^=7c^ which 

is impossible by Art. 14. 3® — If 2 were CM we should have c?^ + 15a^=26^ 

or 3a' = — H — which is impossible by Art. 15, or it gives ' =^/>' — 5a' 
5 3 

which is impossible by Art. 8, P. Lastly, if there be no CM we should have 
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rf*4"«'2rc' and d^'{^16d^:z:b^ two equations precisely similar to the original 
pair, and thereby proving that there exists no solution in great integers as there 
exists none in small integers. 

. But if we takei±:a7=5p* — Sq^, then for reasons above assigned, it will be 
sufficient to consider the sign -J- ? ^ the other sign ( — ) leads to a perfectly 
similar equation and condition; now m^ — n^=xzs:^ (5p^ — 3^^) gives a*^* 

— c^(Pzz6a^c^ — b^cP or — iL =_and the left hand member has 5.ntimera- 

cP-^ba'^ b^ 

tor — denominator = 14c?2 J and 8. denominator — numerator =14a^ and as a is 

prime to d .*. if there be a common measure it must be 14 or a divisor of 14 ; 

if there be no common measure, we should have a^-|-3c?^=c2 and d^+5a^=:b^ 

giving 2a2= which is impossible by Art, 15. — If 2 were common 

2o* a^ 

measure, we should have a^ + 3d^ = 2c^ ord^ss impossible by Art. 15 ; 

3 

26' d^ 

if 7 were C M we should have cP + 5a' = 76' or a' — 6'= which is impos- 

5 

sible by Art. 15 ; if 14 were C M we should have a'+8fP= 14c' or ^ "^^ = 

3 

5c2—eZ' which is impossible by Art. 15, or Art. 14, 1® or Art 8, V.\ &c. Q.KD. 
80.— The two simultaneous equations -j «.2 i ^ 2 = n — n ^^^ impossible. 

If it were possible at all, it should be so when x is prime to ?/ and .'. z 
odd and prime to x andy. Now 1® if a? were odd, and .'. y even the general 
solution of the 1st equation would be, by Art. 1, x'=m*^ — Tp,y=2mn, m being 
prime to n and they even and odd, and since x is supposed odd and prime to jf 
/.a? is prime to 4y, and hence by Art 1, the general solution of the 2nd equation 
isar=p' — ^' and 4y=2/?g, hence then we must have7>5'=4mw, as either^ or^^ 
must be odd, let it be p that is so and .'. prime to 4, then this last equation 
can subsist only thus, p=a6, mfi=s<ui^ n=bd and.'.<p=4cc? ; a,b,c,d, being prime 
to each other, and one of them even, and then m' — «'=a?'=^' — y' gives d^<^ 

— 6'e? = a'6' — 16 c^d^f or /. Jl_^=__ (if jr and not j) were odd, we 

a' + 1 6(i 6' 

could then write wi' — »'=/)' — ^', thus viz., rP — nPzzq^ — .^', and so the con- 
ditions and the demonstration would be obviously the same,) and if the left 
hand member have a common measure, it must obviously be a divisor of 15 ; if 
15 were CM we should have a' + e£' = 15c', which is impossible by Art 14, 
6°. If 5 were C M we should have a' + 16df =56' or 16(^2=56'— a' which 
is impossible, since if 56' — a' be even at all, a and b must be both odd, and 
then 56' — o' is of the form 8n'+4, as every odd square has the form 8»'+l. 

3 could not be common measure since a' +6?'= 3c' is impossible by Art. 
a^jL(p . . . c' 

14, 1® ; and if -L — be irreducible like — we should have o'+c?'=c' and 

' a' + 16(;' 6' 

a' + 15(^=6', two equations similar to the original pair, and thereby indicating 
(since a and d are^x and y) that if it were possible in great integers it should 
be so in smaller, and thence again in stiU smaller integers, &c., &c. 2®. If 
X were even, and .'. y and z both odd, then, as in Articles 26, 27, x should 
be divisible by 4 and .*. = 4^, so that we should have ^' -f-a?'^= n and y' + 1 6a/* 
s D ^ y being odd and prime to x',bat this was just proved to be possible. Q.E1.D. 



31. The two simultaneous equations 4 2jli8 2— n — H *re impossible. 

Here x being prime to y and ,\z odd and prime to both, the second 
equation shows that x cannot be even and y odd, for if so, x^+lSy^ wouki = 
4nf+2 and •*. could not be a square number ; hence if the thing be possible at 
all, X must be odd and y even and •*• by Art.l the general solution of the first 
equation is x-^n? — n' and 5r=2m7i, and by Art. 3, the general solution of the 
derived equation Vly'^zzw^ — -e^ is y=2p5' and =t:«=17p^ — g*, m being prime 
to n, and i> to 9, one of each pair being even, and the other odd, hence we 
must have mn=:pq which requires m=aJ, 2>=ac, qzzbd, and .'. nncd; a,b^c, 
d^ being prime to each other and one of them even, as otherwise m^n^ and q 
would be all odd ; with these values m^-\'n^i:zz=zdt=. (I7p* — q^) becomes by 

taking the sign +, «^** +c2<^= 17aV— ft^cP, or-?L+^==fland if there be & 
common measure it must be a divisor of 18 ; if there be no G M we must have 
a«-f-<P=c« and 17a>— <?=*» or /. — ^ — ==6a« which is impossible byArt 8,1® 

orArt.14,10.— If2wereCMweBhouldha?rea'+cP=2c2aadl7a2 — d^^^b^OT.'. 

IL =3a^ which is impossible for the same reason ; 3, 6, 9, or 18 cannot be 

o 

C M since a^+cP is never divisible by 3 when a is prime to rf, 8,1°. Now 

by taking the sign — , the equation m*+«*i:«= — (I7p^ — q"^) ue,=q^ — 17o^ 

/£2 /,2 fA 

givesa^fta+c^^i^szft^cP— 17aV or Jz — Z-=l- and if there be no C M we 

shall have^i'— a2=c2 and d*+17a2=&a giving c^+a»=rf3 and c^+l^aP^zn 
h^ two equation similar to the original pair, ond thereby proving, since c and a 
are ^x and y, that the proposed equations could not have a solution in large 
integers without having also a solution in smaller, and thence again in still 
smaller integers, &c., <fec. If 2 were C M we should have d^ — a^=r2c^ and cP 
+17a2=i26« giving ft2—c»= 9a*, b^ + 17c^ = 9cP or (3ay+c^=^bi and (Say 
4- 18c^r= (3<2)^ which are similar to the proposed equations, but having x and 
ff replaced by 3a and c which are <a? and y since y=2mn .'. =z2abcd is>c 
and a?=m* — n^zza^ft*— cM^= {ab+cd){ab — cd) is >3a* as the equartion b^ 
=(3a)*+c* proves 6 > 3a &c., &c. If 3 were C M, we should have d^ + lld^ 

= 36^ or a^ = which is impossible by Art, 15. If 6 were M we 

should have <:P + 17a'=66*, which is also impossible by Art 15. If 9 were 
CM, we should have d^-a^:=9c^ snd d^+ 17 a^zzdb^, which returns to the 
last case but one already disproved ; lastly, if 18 were C M we should have d^ 
— €i«=18c« and d^+17a^=^lSb^ giyiaga^+c^=zb^ and a^ + lSc^=di two 
equations again similar to the proposed equations, and thereby proving that 
there exists no solution in large integers, as none exist in small integers ; and 
hence the two proposed equations are impossible simidianeously. 

( a;^ 4- 7/2 — ^2 > 

The two simultaneous equations -j 2_|Tq 2— 21 ^^ easily proved impos- 
sible by a method like that given in Ai-t. 17 ; the first equation shows that x 
and y cannot be both odd (see Art. 1,) and the second equation shows that x 
could not be even and y odd, for if so, 05^+19^^ would be of the form 4n-f-3 
which can never be a square, as every odd square has the form 8n+ 1, &c., &c. 
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Cor.— From the general theorem in Art. 19 in connexion with what bas been 
demonstrated in Articles 28, 29, 30, and 31, it follows that the pair of 

\X^ t /ity° ""■ fix f 

equations < 2-1-^2— *,|^a f ^ impossible when 06=: 14, 15, 16, 18 or 19 

whatever rational numbers a and n may be; it follows also from the same 
Articles and the general theorem of Art. 28, that the pair of equations x^=i=^^ 
z=nz^ and ay^q=x^=nu;^ are impossible, whatever rational number n may be 
when a=14, 15, 17, or 18. 

Cor. 2. — Since it is now demon^ated that a?*+^*= d and x'+ay*=: n 
are impossible when a is anj integer <^20 except 7, 10, 11, or 17 ; if we take 
xz=LZ^—\ and y=2z, then x«+y»=(«« + l)2.'.= a is fulfilled, an^ /. x'^-\- ay* 
cannot then become a square, and thus z^'\-{^^a — 2)i:^-{-l can never become a 
square when a is any integer between 1 and 20 except 7, 10, 11 or 17 ; which 
includes the expressions 2;*+62;» + l, ;y*+102;» + 1, z* + 142;« + l, 2r* + 18z2 + 1, 
x;^-f-22;ap» + l, 2;*+30;?2+l, z*+342«+l, &c, &c. And as it wiU be proved 
in some of the subsequent Articles that x^ — y2= a and x^ — ay^= D are 
impossible dmultaneously when a is any integer between 1 and 18 except 7 or 
1 1 ; it follows also, by taking a?= 2' + 1 and ^=22 that 2* — ( 4a — 2)2^ -}- 1 ^ n 
is impossible when a is any integer between 1 and 13 except 7 or 11 ; this 
formula includes the expressions z^ — Gz^ + lj ** — 10;8f*+l> ^* — 142r2 + l, 
^4_i8^2+l^ 2*— 22-^2+1, z^— 30z> + l, &c., Ac. 

SCHOLIUM. 

As a great number of pairs of equations of the form ax^-\-hy^'z=,nx'^^ and 
cx^ — dy^::^nw^ are proved impossible simultaneously, whatever rational num- 
ber n may be, in, or by means of Arts. 8 cor 2, 10, 12 cor 1, 19, 23, 24 cor 2, 
26 cor, 28 cor 2, 31 cor 1, 36, 37, 39, 40, 41 and its cor, &c. ; it follows /. 
that we shall thence have a corresponding vast number of products (a.r^+by^) 
(cx^ — dy*) none of which can ever be =db d Ex, gr. since by chap. 1, and 
especially Art. 10, ax^-^-by^zrnz^ and cur^ — by^=-ztznw^ are impossible simtd- 
taneotisly, whatever rational w® n may be, when ab is any integer <^ 20 except 
5, 6, 7, 13, 14, or 15, it foUows /. that (ax^+by^)(ax^—by^) or a^x^—b^y^ 
can never = ± D when ab is any integer -< 20 except those above mentioned ; 
thus neither a?^ — y* nor .r* — 4y* nor x* — 9y* nor a?* — lOOy* nor 4x^ — 25y^ &c., 
can ever be =± d . And from Art. 11 it follows that n(A*^— y*)= d is im- 
possible when n is any integer < 20 except those above mentioned, and hence 
by putting xzzp^+mq^ and y=p^ — mq^ and .'. m{x^ — ^')= D, it follows 
that nm(^x^ +y^)zz2n{mp^+m^q^)zz n is always impossible, n being the same 
as before; thus wizzn proves the impossibility of 2(/)*-|-n'^*)== d ; n as 
statr»d already, being any integer <20 except 5, 6, 7, 13, 14, or 15. Again 
by Art. 19, and the rst of this present chapter x^-{-ay^ rrj^nz^ and 
y^'{-bx^ = nw^ are impossible simultaneously, when ab is any integer between 
1 and 20 except 7, 10, 11 or 17, » being any rational number ; it follows /. that 
{x^+ay^)(y^ + fta;')= D is always impossible when ab is restricted by the above 
limitation ; but in other respects a and b may be any numbers whatever of 
like signs, and one of them may, of course, be =dbl. 

It will appear in like manner, from Art. 36, and chap. 3, that (.1.2 — ay^) 
Q)x'^ — ;y*)= C^ *s always impossible when ab is any integer between 1 and 18, 
except 7 or 11. And from Art. 28 cor 1 and 2, it follows that (i^-t-yg) 
(ay2qp:ar2)= D is impossible when a is any integer < 19 except 6, 9, 10 or 16 ; 
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lastly, it follows from Art. 41, that neither (x* — ^y')(a^2+y') nor {x^+y^) 
(x^ — ay^) can = D when a is any integer "^17 except 6 or 10. 

Again, I say, a:^+^^^*= D =5?* is impossible when 2a is any integer < 20 
except 5, 6, 7, 13, 14 or 15 ; For it gives z^z±z2ax^y^:= D ■ which by chap. 1, 
are impossible simukaneoitsly in the other cases: hence then, neither op^-^-y^ nor 
x*+4y* nor 4?* +25^* nor x*+B6y^ nor 4x*+9y* nor 4a;^+121y* &c., &c., 
can ever be = D and thns we have a veiy considerable addition to the few cases 
of this kind heretofore recorded and proved ; see Evlev^s Algebra, part 2, chap. 13. 

From the known impossibility of s^+ky^zs a we can dednce as follows the 

impossibility of other similar formulae. For as x* +hy^ cannot ^(x^ -J- — y^)^ 

a 

whatever rational numbers a and 6 may be .'• by reduction — ^ isim- 

y'^ %ab 

Jca^ 52 

possible, i. e. can never be a square number, and /. 2ab(Jca^ — 6*) 

cannot become a square number. Now let a^my'^ and &==f=7u;^ /. 
^mniJcTn^y^ — w^x^) = ± d is impossible; mzz2 and 71= 1 give a;^ — 4^y*=db a 
impossible; w=l=n gives 2{x^ — ^%*)=±D impossible. Ex, gr. 
x^+2y^=z D is proved impossible (Eider, Art. 210) .'. by what is here proved 
2 (x^ — 2y*)=±D is impossible; but its half, viz. : a?* — 2y*= D is possible. 
See Eider^s Algebra, Art. 211. It is easy to see that x^+kx^y^ + y^= a 
is &}w&js possible if ^=±2 or — n^, or 2n^dtz2, or 2n^±6, or 2/1^=1=34, or 
3n^dtz2, or 3n2±4, or 3w2dbl4, or Sn^zfcA, if A=2, 3, 7, 18, 47, &c., 
or 6»2=!=A, if A=2, 10, 98, &c., or 7n^dtzA, if A=2, 16, 554, &c., or 
2 1 n^ db 1 1 0, &c. , &c., since x* -{-kx^y^ + y* =: z^ is obviously fulfilled if we take 
a^ — 4:zzmb^, k=mc^z±za, x=^b, y=2c and zzzb^z±i2ac^. But any of these 
solutions that give xzzy or else x (or y)=0 would not lead to other solutions; 
thus k=2n^+6 is =14 if n=2 ; and yet the equation x^+14,x^y^+y^zz D 
or, (dividing off hy y*), a:* + 14a:2-|-l=: d has, undoubtecUy, only one solution, 
viz., 07= 1 as stated in the preceding Cor. 2 : the equation is also possible when 
k is negative and equal to any of the following integers, viz., 2, 4, 9, 11, 13, 
15, 16, 25, 26, 27, 28, 32, 36, 39, 40 42, 43, 44, 47, 49, 51, &c., &c. 
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Chapter III. 

On the Possible and ImpossUde cases of the ttvo Simultaneous EqtioHons* 

x^ — y*= a and a^ — ay«= a . 

32. — The two simultaneous equations •< « ^g— n — t««i ^'^ impossible. 

Bj subtractioB £^^=2^ — w\ and as no coeft. of these equations contains a 
square factor .*. bj Art. 5, if the' proposed equations be possible at all thej 
must be so too when x, ;/, jst an t<^ are all prime to each other, and also z ajid to 
prime to coeft. 2 (of 2^^) and /• both odd and /• y even, as the equation 
2y^=jr2 — xff2 ^n prores, and y being even x, z and w which are prime to y, 
must be odd; hence, by Art. 1, the general solution of the 1st equation is 
x=:m^+n^ and y=2mn ; and, bj Art. 3, the general solution of the 2nd eqna^ 
tion, when t/ is even, is x:=Sp^+q^ and t/=^2pq ; m being prime to », and p 
to ^, one of each pair being even and the other odd ; thus we must have 
tan=pq which requires m=aft, J9=ac, q'^hd^ and /. n=^cd^ abed being prime 
to each other, and one of them even; and then m^+^^=^=3p^+?^ gives 

a'&2^c^d2=3a2c«+62(f» or ;^Z:!?L=— , Now the left; hand member has 

nxmierator-— denominator= 2a* and3 times numerat<M* — denominators 2i*,and as 
a is prime to d /• there can be no common measure but ±2 ; nor can -^-2 be 

52 2d^ 

CM, for if so we should have d* — 3a*::£26* ora*= which is impossi- 
ble by Art. 15 ; and if — 2 were CM we should have d* — a*= — 2<^ and 
cP — 3a* = — 26*, giving 6* — c^^^a^ and 6* — 3c*=<iP two equations similar to 
the proposed, and •'• as usual, establishing the irapossilnlity of the proposed 
equations, as there exists no solution in small integers ; if there were no CM 
we should have d* — a^zzdac^ and d* — ^Sa*=zdb6*; taking the upper signs 
would give two equations similar to the proposed, as in the foregoing case, and 
taking the lower signs, ( — ) would give 6*— c*=2a* and 6*— -8c*=2(P; bat 
this last equation is impossible by Art 15, as already observed in the 1st case, 
/. &c. Q. E. D. 

33. — The two simultaneous equations -j g /2— n— *{" ^"^ impossible. 

If the proposed equations were possible they should obviously be so when x is 
prime to y, and /• ^ Ist equation x^y^ z all prime to each other, and x odd ; 
and then y could not also be odd, for if so a:* — 4y* would be of the form 
8n+5, which can never be a square, as every odd square has the form 8n-{- 1, 
and now as a? is odd, and y even, and x prime to y or to 2y .*• by Art. 1, the 
general solution of the first equation is x=vn?'\'n^ and yzz2mn ; and the 
general solution of the 2nd equation is, by Art. 1, a;=p*4-?^ and 2y=:2pq .'. 
we must have pqzz2mn^ m being prime to n, and p to g, one of each pur being 
even and the other odd. Now supposing p odd, this last equation can subsist 
only thus : p=aby m=ac, n=6d, and .*• g=2cd, a, by Cyd being prime to each 
other, and one of them (not a or b) even, else m and n would be both odd ; 

rt'— rf* c* 
then f?i* + n*=x=;>*+j* gives a*c*+6*d*=a*6*+4c*d* or /• " =-1^ 

and if there be no CM we must have a* — rf*3dbc* and a* — 4<:?-==t:6* 
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and if there be a CM it can only be 3, and /. we should have c^ — d* = =t:3c' and 
a*— 4^^ =±36* which giveft* — c^zzqpc?* and V^ — 4c'==f:a', which system 
or pair of equations is entirely similar to those obtained in the first case, so that 
it will be quite sufficient to prove the impossibility in the 1st case. Now if 
the signs be + in the 1st case, we have a* — d^ =c'^ and a* — 4c?^=62 a pair of 
equations exactly similar to the original pair, and from which we infer the 
impossibility by the usual argument; but if the signs be — ^ we get a* — e?=* r=— c* 
and a*— 46?^= — 6', this last gives a*+6*=4c?2 which is impossible, because 
when a is prime to 6,a'+6* will be of the form 4n'+l or 4n'+2 according as 
one, or both of a and h are odd, /. &c. Q. £. D. 

Gor. — Hence, by the method of Cor. 2, Art. 12, each of the following pairs 



» impossible, viz., |^2Jl|^2^^2|^2+3^2= □ 



z^ — w^ =3y2 
4z* — vP- = Zx^ 



and also 



x^ — y^-^s? 






x^ — z^z=.y^ 



422_3p2--^2 

are impossible, as they give by sub- 



x^ — 4^2 =: — w^ 

1^ oj2 I - 2*2 — p 7/^2 J 

traction, 3y2=j8r*+u^* which impossible by Art 14,1^; so also -jg j^ 2— 2 r 
are impossible by Art. 14, 1°, as they too give 3a?2=r^2^j£^2 . ^nd as 
i 2Z2 2I, n l ^®pr<^v®d impossible .*• they must be impossible when x is 
even and prime to y, changing .'• x into 2x we see that a?* — ^y2-- q ^nd 
4x2 — y2-_ □ are impossible simultaneously, &c., &c. 

f jj2,_„«»2^— •2 ^ 

34. — ^The two simultaneous equations X ^ g 2— %\ ^^ impossible. 

Here 4y* = z^ — w', and /. by Art. 5, if the proposed equations be possible 
they must be so too when re, y, z, w are all prime to each other, except, perhaps, 
z and t&, which if not prime to each other, when the rest are so, can have no 
CM but 2 ; if they have this common measure, and are .% both even, then x 
and ^, which are prime to them, and to each other, must be odd, and then by 
Articles 1 and 3, the general solution of the two equations is A7=:ni*-f-^^9 
y=f»2— n2^ and a:=^(5/>*4"?^)? y=M> w* being prime to », one even and the 
other odd ; and p prime to q^ and both odd, thus, we should have/j^zrw* — «2=r 
{m-^r^i^ — n) which can be satisfied only thus, viz., pzzab, m'\'n=^aCf 
m — n=bd and q=:cdy a, 6, c, d being prime to each other, and all odd ; then 
the other condition, viz., w2+n2=a?=:^(5p2-j-y2) giy^g (m+n)'+(m — 7i)^ = 

6pa+g« i.e. a^c^+h^d^=z5a^^+c^d:^ or :. ^~^' =- and if there be a 

common measure, it can only be 2 or 4 ; if there be no CM we must have 
<P— a* = ±6* and cP — 5a'^=:dtzc^, when we take the signs +, the equation! 
are similar to the proposed pair which are then proved impossible by the nsual 
argoment; if we take the signs — , then c* — }>^=z{2a)^ and c^ — 56* = (2 J)* 
which are also similar to the proposed aquations, &c. ; it is evident 2 could not 
be CM as the equation d^ — 5a2==t:2c2 is impossible by Art. 15; and if 4 
were CM we should return again to the 1st case, only using 2b and 2c instead 
of b and c. Now if z be odd, and .*. by Art. 1, y even, and then x, z, and w^ 
which are prime to y odd ; then, by Articles 1 and 3, the solutions of the two 
equations are ^srm^+n*, y^2mn, and x=:-6p^+q^y y^=2pq ; m being prime 
to fty and p to ^, one of each pair being even and the other odd, so we must 
have mn^=pq which requires p-zzaby mzzac, n^=^bd, and qzzcd^ abed being 
prime to each other, and one of them even, and then the other condition 

/72 ^2 A3 

f»«+na=5j>2+y2 gives a^c'^+bH^;=:ha'^b^ + cM ox ^ — —zil. which ha« 
been ab'eady discussed and disprored, •'. &c. Q. E. D. 

F 
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35. — The two simultaneous equations A , a ^ 2 j- are impossible. 

Here, 5y^ = z^ — it?^, and as no coeft. contains a square factor /. by Art. 5, if 
these two equations be possible they must be so when x, y, z, and w are all prime 
to each other, and also x and w prime to the coeft. 6 and /. both odd, and 
then the 2nd equation shows, that y should be even and .*. the other 3 odd, as 
being prime to y ; hence, by Art. 1, the general solution of the 1st equation is 
rr=:77i2+w2, yz='2mn, and zzzm^ — n^ ; and, by Art. 3, the general solution of 
by^zzz* — w'^ is y=2pq and zz^bp^^^-q^^ m being prime ton, and p to 9, one 
of each pair being even and the other odd ; hence we must have mn=:pq which 
requires w=a5, pz=ac^ qzzbd, and n^cd^ a, b, c, c?, being prime to each other, 
aixd one of them even ; and then the 2nd condition m^ — «^=:z=5p^+5'* gives 

a^^—c^d'rzba^c^+Pd^ or ^^~^ =£! (or J!±^=?!) and if there be 

a common measure it must obviously be a divisor of 6 ; if there be no CM we 
should havea^ — cPzrc^ and 5a2-j-c?2-_52 giving 6a9=ft^+c% which is impos- 
sible by Art. 14, 2^ If 2 were CM we should have ha^Jf^zriW^ which is 
impossible by Art. 15. If 3 were CM we should have 6a2-f-cP=36^ which is 
also impossible by Art. 15 : and if 6 were CM we should have c^ — {^ = 6c' 
and 6a2+€P = 6ft^, giving a^ — 0^ = 6^ and a^ — 6c* = (^ a pair of equationB 
exactly similar to the original pair, having a and c instead of x and y ;- but 
a:=wi2 + 71^1= 0^6^+^^^ is >a, and y=2mn=:2a6c(£ is >c, so that if there 
existed a solution of the proposed equations in large integers there should also 
exist a solution in smaller integers, and thence in integers still smaller, &c., &c. ; 
and as there exists no solution in small integers •*. there exists no solntion 

whatever. See Article 4. 

^ ^2 ^2 

■ 36. — From observing that the equation =— in Art. 32 would be 

fulfilled if we could have d^ — a^z^nc^ and d^ — 3a*=n5*, and that we would 
then have JPrza^J^+c^c^^ and y=2a5ce? to answer the equations or^ — y^;=z D :=J5* 
and x^ — 3^^= D =t^^, and from a similar remark on the final equation or 

condition = — in Art. 33, where we would then have a:=:a*J'4-c*d* 

yzz2abcd to fulfil x^ — y^:=z u and x^ — 4^*= d ; and from the like remark 
on the final equation of Art. 34 we are naturally conducted to the discovery of 
the following 

GENERAL THEOREM. 

The values of X and Y, to fulfil X«— ¥*= n =Z2 and X«— a5Y2= n = W' 
can be obtained from the solution of the auxiliary equations x^ — ay* =»«?*, 
bx^ — y*=nw*: in fact I say X=x2w*+y*2r* and Y^2xyzw will answer 

DEMONSTRATION. 

For then X^ — Y^={x^w^'—y^z^)\ and so the first condition is obviously ftilfilled. 
Again nX=:x\bx^—y^)+y^(x^'-ay^)=:bx^^ay^ and n^Y^=^x^y^(nz^)(nto^) 
=z4af^y^(x^—ay^)(bx^^y^)=:A:bx^y^'^4:xYC^+cib)+4:ax^y^ and /. n2(X»— 
a6Y2)==6»:r8_2a*jr<y*+aV-.4a*2ar6^2^4j?V(«^+«^*^)--4a25a?2^« /. = 
(&r*— 2flftxy +ay*)2 and /. X^-^abY^=:(bx^-^ 2abx^y^ + ay^)^^n^ .'• = D , 
and thus thd 2nd condition 13 also fulfilled. Q. E. D. 
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Cor. — By taking 6=1 and interchanging x and w in this general Theorem, 
we see that the solution of X* — Y2=Z'^ and X^ — aY^=W^ can be obtained 
from the solution of x^ — y'*'=nz'^ and x^ — ay^=:nw'^y merely by taking 
'Kz=:x^z^'\-y^w^ and Y^=^2Qcyzw ; and then again by taking w=:l, this general 
theorem shows us how to find a solution in great integers from a known solution 
in 8mallerintegers,of a;2 — y^— .^2 ^n^j ^% — ^^a =1^2 . fQj. then newX=:a;'^^2 •\-y'^w'^ 
.*. =a?* — ay^ and new Y=i2xyzw in all cases. 

Ex, gr, — Let a= 7 so that the two equations to be solved are x^ — ^^= 0=2^ 
and x^ — 7y^=: D =m;2, then taking w=2, viz., a, possible remainder of squares 
to modulus or divisor 7, we see that one obvious solution of the two auxiliary 
equations x^ — y^=:2z^ and a?^ — 7^^=2w;^ is ^=3, y=l, 2=2, and w=:l. 
(Indeed the 1st equation shows, by Art, 5, that in a primitive solution, x and y 
should be both odd and z even) ; and /. by the preceding Corollary, X=a?^«^ + 
^2^^=37 and Yzz2xyzw=:12 which are the least integers to answer the two 
proposed equations, giving z=:35 and t&=19 ; and from this solution we find 
another as indicated above, viz., new Xzza?* — ay^=:37* — 7.12*= 1729009 and 
new Y=23syzw=B7 x 24 x 35 X 19=590520, and now using these values of 
X and Y for x and y, we thence get another solution by the same formulae, 

viz. new X=j*--ay*= 1729009*— 7.590520*=, &c As 

another example let a=ll so that the two equations to be solved are x^ — y^= 
O =z' and x^ — 11^^— u z=w^; then taking w=5, viz., a possible remainder 
of squares to modulus 11 we see that one obvious solution of the two auxiliary 
equations a?^ — y^z=6z^ and z^ — ll^-=5a?2 is a:=:7, y=2, z=3 and w = l. 
(Indeed the derived equation z^ — w^z=2y^ shows, by Art. 5, that z and w should 
be both odd, and y even, in a primitive solution,, and we .'. try wzzly y=2, 
z=3,) and /. by the foregoing Cor. X=a;V+y«M72=212+22=445, and 
Y=:2arya:M7=:84 and these are the least integral values of x and y in the 
proposed equations, they give 2=437 and m; = 347 ; and now from this solution 
we find another as indicated above, viz., new X=zx* — a^*= 445* — 11.84* and 
new Y=z2xyxwz:z2 X 445 X 84 X 437 X 347= &c. ; and by using these num- 
bers for r and y we can thence again find X and Y in very great integers, &c. 

37. — The two simultaneous equations •< 2 « 2— 2f are impossible. 

Here 7^^ =-2* — w^ and as no coeft. but 8 contains a square factor /. by Art. 5, 
if the proposed equations were possible, they should be so too when a?, y, z and w 
are all prime to each other, except, perhaps, x and w^ which could have no 
CM but 2, when the rest are prime to each other ; but even this exception haa 
not place, since by Art. 1, x must be odd ; now V* — if y be even and /. the 
other three, a?, z and w odd, as being prime to y, the general solution of the 
1st equation will be, by Art. 1, x-zzm^-^-n^^ y=2wn, z^zm^ — w^, and by Art. 3, 
the general solution of the derived equation ly^zzz"^ — w^ will be y'=z2pq and 
z=:7p2+5r2, m being prime to », and p to g, one of each pair being even and 
the other odd, and then mnzz^yzzpq requires w= oft, p^zac^q^zbd and n^=cdy 
a, &, c, d, being prime to each other, and one of them even ; and then the 
2nd condition, m^—n^=:z=7p^ + q^ gives a^b^~cM^=:7a^c^+b^d^ or 

/.a /72 c^ ft2 I y.2 q2 

. ~— /'or '——.\ and it is plain if there be a common measure 

it must be a divisor of 8 ; if there be no CM we should have a^ — d^'=c^ and 
7a^+c?^ = 6^ giving 8a^=ft^+<^^ which is impossible ; for as 6 is prime toe, 
ja -|-c2 will be of the form 4w'+ 1 or 8n' -(-2 according as one or both of b and c 
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are odd ; it is evident 2 or 4 conld not be CM, for if so, a and ef should be both 
odd, and h and c both even, but this cannot be, as 5 is prime to c and •*• only 
one of them (at most) even ; lastly, if 8 were CM, we should have a* — €?*=:8c' 
and 7a2+d^=8i2 giving a^ — c*=6* and a^ — 8c^=cP two equations exactly 
similar to the proposed, and .*• proving these latter impossible, as there exists 
no solution in small integers. 

2° — If y be odd and /. by Art. 1, 2 even, and the other three re, y, w odd 
as being prime to z^ then by Art. 1, the general solution of the Ist equation is 
x=zm^'\'n^^ yzzrn^—n^ and 2=2mn; and by Art. 3, the general solution of 
the derived equation ly^zzz^ — w* when y is odd, is y=P9 and ^=-JK7P*+9^*)> 
m being prime to n, one even and the other odd, and p prime to q^ and both 
odd, and then m* — n^zny^pq can subsist only thus, viz. m4-w=a^, p:z~aic^ 
qzzhd and m — n^cd; a,b, c, d being prime to each other, and all odd, and 
then the 2nd condition 2mn=:£=^i(7p^+q^) or (m+n)«— (m— n)« = 7p2+j* 

gives a^^ — c^d^i::z7a^c^+b^d' or =— which is the very equation 

7a^+d^ b^ ^ ^ 

already discussed and disproved, Q. E. D. 

( jp2 y^zzz^ ) 

38. — The two simnltaneous equations, -j g 92— 2f are impossible. 

If the proposed equations be possible at all, they must obviously be so when xis 
prime to y and •'. ^ 1st equation, x, y, z, all prime to each other and x odd ; 
the two derived equations 8y^=z* — w^ and 8a:* = 9z^ — w^ show that z and w 
must then be either prime to each other, or have no common measure but 2 ; 
now they cannot have even this common measure, for if so, y which is prime to 
z, should be odd, and putting z=:2z^ and w::=2ii/ the equation 8y^=2^ — «?* 
gives y2=^l(2:'2_i^2^ which is impossible as y^ is odd, and ^{z^^ — ti>'*) will 
obviously be even if it be at all an integer ; thus then w is prime to z and both 
odd and .'. y even, ^ 1st equation, whose general solution is then x=m^ -{-n^j 
y = 2mn, z=m^ — n* and by Art. 2, the general solution ofSy^=z^ — w^h^=pq, 
;8f=2jo2-j-g*j q being odd and prime to p, which must be even as y is so, m 
being prime to n one even and the other odd, hence we must have pq=2mny 
and as ^^ is odd this equation can subsist only thus, q=ah, m=ac, n=bdy 
and .'. p=^2cdy a, b, c, d, being prime to each other and a and b odd, and 
either c or e? even; the 2nd condition m* — n^zzz=2p^-{-q^ then gives 

d^c^ — Pd^=Sc^d^+a^^ or =_ and if there be a common measure, 

8c^ + b^ a^ 

it must obviously be 3 or 9 ; if there be no CM we should have c* — b^=d* 

a^4-d^ 
and 8c2 + 6*=a* giving ' =3c* which is impossible as a is prime to dy 

3 

Art. 8, P. If 3 were CM we should have c^-^b^=Sd^ and 8c^+b^=Sa* 
giving a'^+d^=Zc^ which is impossible by the same Art. 8, 1°, or by 
Art. 14, I". If 9 were CM we should have c*— J2==9(/2 and Sc^ + b^=9a^ 
giving c^ — d^=a^ and c*— 9cP=62 two equations exactly similar to the pro- 
posed pair, and thereby proving as usual, that no solution can exist in great 
integers as none exists in small integers. 

N.B. — As X, y, z, are prime to each other, and as W 1st equation x divides 
y^+z^ •*. X cannot be divisible by 3 (Art. 8, 1** or Art. 14) /. x is also prime 
to 3y, and moreover as y was proved even, hence we could find the general 
solution of both the given equations by Art. 1, and then demonstrate thia 
proportion otherwise. 
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' 39. — The two simultaneous equations \ , ^ n a — at ^^ impossible. 

Here 9y' =z' — m?^, and .*. by Art. 5, if the proposed equations be possible, thej 
yrill be so when a?, y, z, and t&, are all prime to each other, except perhaps, z and u;, 
which if not prime to each other when the rest are so, could have np M but 
3 (= v'Q) and moreover x and w will then be prime to 10 (coeft. of lOy*) and 
.'. both odd, and .'. y even, ^ 2nd equation, hence by Art. 1, the general solution 
of the Ist equation is a;=m^+w^>y=2wn, and by Art. 2 the general solution 
of the 2nd equation is then yz^2pq and x:=:\Op^ -^-q^ or else =: 2p^+bq^^ q 
being odd and prime to p, and m prime to n one even and the other odd, hence 
we must have mn=^pq which requires f»=a6, p=:ac qz=bd and nzzcd, a^b^c^d, 
being pi-ime to each other and one of them (a or c) even, then the 2nd condition 

m2+w2=ir=10t>2+^2 gives a^^+c^d^zzlOa^c^ + b^cP, or /. "^ =- 

and if there be a common measure, it must be 3 or 9 ; and if there be no C M 
we should have e?^ — a^zzzbc^ and d^ — 10a^ = =l=:6^, by taking the signs +, 
these two equations are similar to the original pair and then the usual argument 
pro^s the impossibDity, but by taking the signs — , we get b"^ — c^zz a and J^ 
— 10c^= D which are also similar to the original pair, so that then too the 
same argument still proves the impossibility ; 3 could not be C M for by Art. 
15 the equation d^ — 10a^=±3ft2 is impossible ; and if 9 were CM we should 
have d^ — a*=d[r9c^ and d^ — 10a^ = zt:95^, these are similar to the proposed 
equations, when we take the sign + ; and when we take the sign — they give 
ft^ — c2=a^ and b^ — lOc^zzrf^^ which are also similar to the original pair. 
But if we take a;=-2/)2^5^2 tiien tljQ 2nd condition becomes a^^^+c^c/^-- 

2a^c^+b^d^, or = — and here again, if there be a common measure, it 

2a^ — d^ b^ 

could obviously be only 8 or ; but this cannot be, for 2a* — d^ is never 
divisible by 3 when a ia pi-ime to d ; and if there be no C M we should have 
a^ — ScPzzdbc^ and 2a* — d^zzdtzb^ giving 2c2 — b^:=z±z9d^, which is impos- 
sible, for the very reason just now assigned, (Art. 8. 4®) and hence the two 
proposed equations are impossible simultaneously ; and it may be observed that 
this demonstration leads very directly to the discovery of the general theorem 
in Art. 36 ; and since y was proved even, and .'. x^z, and w odd .'. the general 
solution of dy^=zz^ — w^ can be got from Art 1, and thus we could easily de- 
monstrate this theorem otherwise. 

40. — The two simultaneous equations < ^ i^ 2— n — ^l ^r© i^^possible. 

Here lly^^zz^ — w^ and as no coeft. but 12 contains a square factor /. 
by Art. 5, if the proposed equations be possible at all, they shall be so too, 
when z, y, z^ w, are all prime to each other, except perhaps x and w, which, if 
not prime to each other when the rest are so, could then have no G M but 2, 
but even this exception cannot happen, as ^ 1st equation x must be odd when 
prime to y and 7, and x being odd the 2nd equation shows that w must be odd, 
and y even, and y being even the other three x^z^w^ which are prime to y, 
most be odd, hence the general solution of the 1st equation is a7=m*-{-n*,^=: 
2mn and by Art. 3, the general solution of the 2nd equation when y is even and 
prime to X and u;, is y:^pq and a;z=8p*-t-$'*, m being prune to n, and p to 9, 
one of each pair being even and the other odd ; hence we must have p^=2mn 
and 1® — lip be odd, this equation can subsist only thus ji=:a^, m^^cuijnzzbd 
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and /. 9= 2a/ wid then the 2iul condition m^+n^=x=Sp^+q^ gives a'c* f 

b^d^=:Sd^b^ + ^cM^, or /. '^ ^-; a,6,c,^ being prime to each other, 

4cZ*2 — a^ b^ 

and one of them (c or ef ) even ; and if thepe be a C M it is plain it can only be 

11 ; bnt this cannot be, for we should have d^ — 3a2=±llc^ and 4^— a*= 

z4zllJ2,now taking the sign +, the equation d^-^Sa^^llc^ or — 2- — =4c» 

3 

+a^ is impossible by Art. 8, 1®. and when we take the sign — , we get a^-j-b^ 

=r4c^ which is impossible when a is prime to 6, as o^ -J- 6^ will then have the 

form 4n+l or 4n+2 according as one or both of a and b are odd; and if 

there be no CM we should have d — 3a^=±c' and 4c?^ — o^=db6*, when 

we take the sign + the latter of these equations is impossible for the reason 

just assigned, and when we take the sign — , the former equation d^ — 3a* = — c^ 

or d^+c^=3a^ is impossible by Art. 8, 1® or Art 14, 10.-^2® If q be odd, 

the equation pqzz2mn can subsist only thus, q=:ab,mzzac,n=2bd and .\p^i 

2crf and then the 2nd condition gives a^c^+b^d^—l2c^d^+a^b^ or ^ ~~ 



c« 



a^—\2d' 



Tj ; now if there be no C M we should have a* — d2==±zc* and a* — 12 cP= 

db6^, these are similar to proposed pair, when we take the sign -{-, and /. by 
the usual argument the thing is impossible, and when we take the sign — , the 

2nd giving ^l!i:^=4cP is impossible by Art. 8, V* or Art. 14, 1® : if U be 

3 
CM we should have a* — <i* = db:llc* and a* — 12cP=dbllft* giving b^ — c* 
= ±(^2 and b^ — 12c^=z±:a*, which are similar to the equations of the fore- 
going case and •'• impossible for the reasons just assigned, and hence the proposed 
equations are impossible, Q. E. D. 

41. — From the demonstration and final conditions of Articles, 35, 37, 38, 
we are naturally led to the discovery of the following. 

6E27ERAL THEOREM. 

The solution of X>— Y^zrZ* and X«--(a+l)Y2=Wa can be obtained 
from a solution of the auxiliary equations, < ^.t.*— 21'®'* ^'^^"^ * solution 

of the pair I^Ii^2'l!Jft^2| "^ ^act I say X=x^w^+t/^z^ and Y=2:nfziv wifl 

answer. Proof— It is self-evident that then X^—Y^=z(x^w^^-i/^z^)^ and so 
the 1st condition is actually fulfilled, and taking the 1st pair of auxiliaxy equa- 
tions, nX-x^{aa:^+y^)+f{x^—y^)=^ax^+2xY—y^ and n^Y^=4tjcY 
(a?2_y2) (aj2+v2)--4aa:6yi_4^Y(flj_i)_4^2y6 and .'. n2(X2_a+l.Y») 

=a2a;8 4-4ajrV + (^— 2«) ^ V —^^^f +y^—^a (a-f- 1) x^y^ + 4(a2_l)^Y 
-f4(a.|.l)a-V=(ac*— 2ar2^»— ^*)2and /, X2— (a-J-l)Y2=(aa?*— 2aa;y 
— y^y ^n^ .*. = a and thus the 2nd condition is also fulfilled ; and the 
demonstration will be much the same when we take the 2nd pair of auxiliaiy 
equations ; see the general Theorem in Cor. 1, Art. 28. 

Cor. — From the general Theorem g-iven in Art. 36, in connexion with what 
has been demonstrated in the foregoing Articles, it follows that x^ — ay^'zznz^ 

and bx'^ ^2=nt&2 are impossible, whatever rational numbers, a, 6, and n maj 

be, provided a6 is = any positive integer between 1 and 18, except 7 or H ; 
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and from the preceding general Theorem it follows also that x'— y'=n?' and 
ax^ +^*=nM?* are impossible ; as also the pair x^ +y^=znz^^, x* — ay^=znw^ are 
impossible whatever rational number n may be when a is any positive 
integer •< 12 except 6 or 10. 

It is scarcely necessary to observe that by taking a or 5 negative in Art. 19, 
we conld deduce the solution, X^ + Y^ = Z'2 and X^ — ahY^=zW^ from a solution 
of the auxiliary equations x'^^:^ay^=nz^ and y'^ztihx^z^nw^ ; so also by taking 
a negative in the Cor., Art. 19, we could deduce the solution X^+Y2=Z2 and 
X*^^-aY^=W* from a solution of the auxiliary equations x^+y^=^nz^ and 
a;2 — ay^=nw;*. Again, by taking a negative in Art. 36, we could deduce the 
solution of X'^ — ^Y^zrZ* and X^+oftY'^W^ from a solution of the two 
auxiliary equations x^-^ay^ziznz^^ hx^ — y'zrnw^, and similar remarks will 
obviously apply to, and produce corresponding variations in the preceding general 
theorem, and to that given in Cor. 1, Art. 2& 

We can find by the following method (analogous to that of Arts. 20 and 21) 
some integral values of A,so that the two equations x^ — y^zz: n and x^ — Ay'^zz a 
may be possible simtdtaneously ; by taking z:=z 1 in the two auxiliary equations 

x^—ay^zznz^, and bx^ — y^zznw^ we get nzzx^ — ay^ and .'. bzzw^ — -^ 

(aw^ — 1) so that if a=l then Azzabzzw^ — "51- (w^ — 1) and here w=:S and 

x^ 

j?=2 gives A=9 — 2y* ; wzrS and j?=2 gives A=25 — 6y^ ; ti7=7 and ar=4 
give A=49 — 3y^ ; w=9 and ar=4 give A=81 — 5y^ ; u?=:8 and ar=3 give 
A=64— 7y«; ti?=10 and ar=3 give Az= 100— lly2; a=2,u;=5, andx=7, 
give 6z=25— y* and .*. A=a6=50 — 2^^, &c., &c., so that the proposed equa- 
tions x^ — y^zz D and x^ — Ay^zz n will be possible when A=7, 11, 18, 19, 
22, 32, 36, 37, 42, 46, 48, 56, 57, 61, &c., &c. But here our observations 
shall terminate. 



55, Grand Parade, Core. 
Nov. 20eA, 1855. 
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APPENDIX, 

The few properties of Numbers contained in the following short Appendix 
will form a useful sequel to this Tract, as by means of some of them several of 
the foregoing demonstrations may be much abbreviated ; they may be also very 
acceptable and valuable to such readers of this Tract as have not an opportunity 
of consulting the elegant works of Ghms^ Barlow, and Legendre, on the Theory 
of Numbers. 

Article 1. — The product of two numbers of the form, «^+^^' is itself of the 
same form: For (a^+n/Z^Xc^+nc^^) is obviously =(acdbn/ydf)2+n(a<f=f=^)*. 

Cor. — Hence the product of several numbers, each of the form a^ -|-nA^ is 
itself always of the same form, and that too in several different ways : and .*. 
(taking n=l) the product of several integers, each of which is the sum of 
two squares is also itself the sum of two squares in several ways. 

Art. 2. — The product of two numbers, each of which is the sum of four 
integral squares, is itself also the sum of four integral squares, in several ways ; 
For by page 28 of Brioschi's Treatise on Determinants, 

I i\Al ^> ='S:+cv: a+c? '''^' '^ (-«'—'«) <>*-v'» =(-y+-V) 

\CJ-|-W) — («? f «'^') (Cy + Cy') as is indeed evident by actual multiplication* 

Now let ii=a+6y' — 1 also y^zp-^^q/^-^-^l 

C=:c+c?v^— -1 „ ) -r+«\/ — 1 
and — o/z=c — rf-v/ — 1 and — y'=r — s^^ — 1 
and the preceding equation becomes (a2 + 62-f-c2+d^)(/?'+g''^+r2+*2)— 

(op — bq-\-cr — ds)^'\'(aq-\'hp-^cs — drY + {ar'-bs-\'pC'\'dqy + (as+^r+ 
cq'\'dpY which proves the theorem : and as the signs of a, 6, c, d, p, 9, r, «, 
may obviously be changed at random ; .*. the preceding value of (a* + ^' + 
c^4"^^) (i>'^+9'^+'''+*^) can be expressed in various ways as the sum of four 
squares. By taking some or all of a, 6, />, equal zero, it follows that the product 
obtained by multiplying the sum of two, three, or four integral squares, by 
another sum of two, three, or four squares, is always the sum of four or a less 
number of squares. 

3. — Whenever n=a2 + 6', aj^ — ny* can be transformed into nxf^ — j/^ and 
conversely, this last can be transformed into the former : For if jr* — ny^ were = 
naf^ — ^^ we should have by transposition if^+y^=n(a/'+y2) i. e. =(a^+^') 
(a/2+y2) /. 'zi{aaf — fty)^+(ay+^a/)2 which is fulfilled if x=4jaf — by and 

y =ay + bx^, and these give j/== *" ^ and y== — ' ^ or conversely x= 

a a 

nx y ^^^ y^^ZZ — where of course a and 6 can be interchanged or 

a a 

change the signs of one or both ; If a=l these values of a/ and y' in terms of 
X and y, et contra, will be integral, Ex. gr. x* — 2y^ will be =2a/2 — y'^ if 
x^=x-izy and y'=2yzt:a;, or else x=2x!z±zy^ and y=^y^-=h,3cf, and x^ — 5y' 
will be —Sa/^—y'a if j^=xdtz2y and y'=5yz±z2z, or else x=5a?'db2y and 
y=y±2j/, &c., &c. 

4. — In Art. 14 of the foregoing Tract we proved that every divisor of x^+y^ 
must be of the same form when x is prime to y ; and we shall now prove in a 
similar way, that every divisor of x^dci2y^ must itself be also of the same form 
when X is prime to y ; for if A divides x^dt:2y^ it must also divide (a?2=±:2y*) 
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^ (a^=b2^2)=:(aa'=fc:26y)2±2(Aa: — ayy whatever integers a and h may be, 
. but as or is prime to ^, a and h can be found such that hx — a2^=±l, and thus 

A must divide (aa?±26y)2db2, let q be the nearest integer to r 

A 

whether > or <, then wcz^^hy will =A5^zfcp where 2?< ^A, and as A divides 

(aa?±25y)»=i=2=(A^=+=p)2db2=AV=*=2Ap^+j92±2 it must /. divide 

p^=±=2 ; now convert -^ Into a contuiued fraction and thence find the fractions 

A 

convergmg to -^; let — and — be two of these convergents, consecutive, 

Ann' 

and such that n is less, and n' ^ v^A which is always possible since 1 and A 
sre the denominators of the first and last convergentsf^ and ±\, the di£ference 

of ^ and ^ is, by the property of the convergents, < — ; and .*. (— — V 

An ^''^ ^ A n^ 

< -J- or (pw— Afii)2 < ^ but by hyp. n'* > A /. (pn— Ato)^ < A and 

218 by hypothesis n^ < A Hence for the 1st Theorem (x2 4-2y^) where we 
tise the upper sign (+) we have (pn — Am)*+27i2 < 3A. But the left hand 
member is divisible by A since ^ above j)2+2 is then divisible by A, we must 
/• have {jpn — Am)^+2n2=;A or 2 A ; if it be = A the first theorem is proved, 
and if (/w» — Am^) + 27i2 be =:2A,|m — Km must be even, and then too the 

first theorem is proved, since A is then =:»^+2(^^^^^^y But for the 2nd 

theorem («^ — 2y^) where we use the lower sign (— ) we have 2n2 — (pn — km)^ 

< 2A, but the left-hand member is divisible by A smce p^ — ^2 is ^hm divisible 
by A, we must .*• have 2n2 — (pw — ^Aot)2=A which proves the 2nd theorem, 
since by Art. 3, 2n2 — (p»— Am)^ is also of the form a/a — 2y'*. 

When|) is = or >1 then 2- will always give convergents, the first and last 

A 

of which are Q and ^and -£ or .*. pn — Am will not then be =0 even if 

1 A A n 



— should be the first convergent -^ and hence in the value of A(=j/adb:2y^) 

neither af nor ^ can ever be =0 unless when jp=0 and /• A=2 ; (since A 
divides |)2=iz2 which is then =2). 

5. Every odd divisor of a?^+3y or ^^ ^^ — ^V^ °^^8* ^ ^^ *^6 same form 
when X is prime to y : For if A ctivides a?*+3y^ it must also divide (a;^+3ya) 
(a3-f352)=((u;+36y)^+3(&c—ay)^ and taking a and & as before, such that 
Ja?— -ay=±l and putting aa?+3fty=A2'=bp where /><iA we shall have 

7>^-l*^clivisible by A; then as before converting^ into a series of convergents 

A 

(see Arts. 2 and 3 of my Tract on Continuid Fractions) we find as above (pn—' 
Am)2<A and f»2<A and /. (pn—Amy+Sn^ <4A, but the left hand mem- 
ber is divisible by A since p^+3 is so divisible .*. {pn — Am^+Sn^ must be 
=A, 2 A or 3A ; if it be = A the theorem is proved, and it could not be =3A 

imless pn — Am were divisible by 3 and then A^n^+B (^^ ^) which 



*8 

also proves the theorem m this case. Lastly, (pn — Amy-^Sn^ cotild never te 
= 2A if A be odd, since a/^ + Sy*-^ when even is never =:4r+2 the donWe of 
an odd number (A). And as before, we may observe that in the value of the 
odd divisor A (^a/^+Sy'^) neither a?' nor y' will be =0 unless when jp=0 and 
/. A=:3 (since A divides p^ + 3 then =3); the demonstration is much tlie 
same for x^ — 5y^. 

6. — Let M^ denote a multiple of the given integer jo, and let X denote a 
polynomial of the mth degree AqOJ^+Ai a;"^-*+A2 x^'^ . . . Am-ia^+Am all 
whose coefts. are integers, then if X=Mp be fulfilled when ic= the integer a it 
will also be plainly satisfied when j:=a=dbnp, n being any wh. w® which can be 
taken such that this value of x may lie between — ^p and + ^p or between and 
p ; and these integral values of x between and p that Mfil the equation X=: 
Mp are called its root^ ; if all the coefts. Aq^ Ai, Aj . . . Am be divisible by p the 
proposed equation X= Mp is obviously identical i. e. satisfied when x is any 
integer ; and if all the coefts. but Am be divisible by p the equation is evidently 
impossible ; the roots of Xz=M/) are evidently the same as those of X+j9X'=: 
Mp et contra, X' being any rational and integral function of x having all its 
coefts. integers ; hence all the coefts. can be made ^p by increasing or de- 
creasing them by proper multiples ofp ; when ^ is a prime number, X' can be 
taken such that the first coeft. Aq shall be = 1 : For by multiplying the given 
polynomial X by some integer 6 < jp and from the product deducting cpx^ the 
first coeft. Aq is, in the result, changed into bA^ — cp and as p is prime to A^, 
5 and c can be found such that bAo — cp shall =±1, and it is plain when 
bX — cpx^=:Mp we must also have X=Mp. 

Supposing then the first coeft. Aq— 1 and the equation XrrMp not identical 
I say it cannot then have more than m roots, x^ being the highest power of x 

inX; For if a be one root, let give the quotient X' (of the m — 1th 

X — a 

degree) and the renaainder R which does not contain x, then X=(i' — n) X'+R 
and by taking x=a, R must =Xa viz. : the numerical value X takes when in 
it X is changed into a ; thus Xrr (x — a) X'+X^ and as this =Mp whenx=:a 
/. X^ =zMp and .*. XzzMp requires that we should have (x — a)X'=:Mp60 
that if ft be a 2nd root of X=Mp we shall have (ft— a) X'b =:Mp, and as ft— a 
is less than, and prime to^ .*. we must have X'b =M/>, i. e., ft nmst be a root 
of the equation X'=:Mp, o:™"^ being the highest power of x in X', and hence the 
equation X=Mp of the wth degree can ha^e only one root more than the equa- 
tion X'—Mp of the m — 1th degree, and in like manner this last equati<Hi can 
have only one root more than an equation (X'' = Mp) of the degree m— 2, &c, 
and as the final equation thus obtained X'— /ssMp can plainly have only one 
root (between andj?) •'. the proposed equation X2=Mp of the mih degree can 
never have more than m roots (between and p)^ but it may have less than m 
roots, or even have no root. 

Cor. — If the equation X=:Mp, whose highest term is ar™ have actually w 
roots a, ft, c, . . . ^, I, these roots must manifestly be also roots of X— (^r— a) 
(^_ J) . . . (^ — Z)=Mp whose degree is only m — 1, which by what was just 
proved, is impossible unless this last equation be identtccd and .'. X must =r 
(x — a) (x — ft) . . . (x — l)+p X', X' being a rational and integral function of 
the degree t?^— 1 having all its coefts. integers.— i^^iJ^^T'/S' THEOBEM. 

7. — If I? be a prime number which does not divide the integer a it must divide 
fi?-i — 1. Take the p — 1 following multiples of a, viz., a, 2a, 3a, . . . {p — l)a : 
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p cannot divide any of these numbers ma since p is prime to a and > m ; 
neither can p divide the difference via — m'a of any pair of these multiples, since 
this difference is itself a term of the same series. If /. we take the least posi- 
tive remainders of these multiples when divided by p, these remainders 
will be all different from each other, and as none of them can be zero .'. they 
can only be the numbers 1, 2, 3 . . . p — 1 arranged in a different order, and 
hence the remainder of a x 2a x 3o . . . (p — l)a-i-p must be the same as 
the remainder of 1 x2 X 3 . . . {p — !)—-/> and .*. p must divide the difference 
ax2ax3o. . . (/>~l)a— 1 x2 x3...(/?— 1)=1.2.3 . .. (p— .1) x (aP-i— 1) 
and as J9 is prime to 1x2x3 . . . {p — 1) .'. it must divide a^^ — 1 

Cor. 1 — Hence the equation x^-^ — l = Mphas ^p—1 roots 1, 2, 3, . , p — 1 
which are also obviously the roots of ayP-^ — l+|>X=Mj9, X being any polynomial 
of the degree^ — 1 in ^r and having all its coefts. integers; now if X^ divides 
aP"* — 1 +pX giving X n for quotient, m and n denoting the highest power of a; in 
Xm and Xn respectively and /. m+nz=p — 1, then as XmXn z=d^'P-i — l+j^X.*. 
the roots 1,2,3. . . p — 1 ofxP-i — l+j5X=rMp=3XniXn can only be the roots 
of the 2 equations Xm=Mp and Xn = Mp ; and hence Xin = Mp must have 
exactly m roots, and Xn zzMp must have n roots different from the former ; for 
by Art' 6, Xm = Mp cannot have more than m roots, and if it had less than m 
roots, the other equation (Xn zzMp) should have more than n roots (which is 
impossible by Art. 6) as the equation Xm Xn =Mp has altogether w+w or p — 1 
roots .*. &c. 

Cor. 2. — Since the remainders of a, 2a, 3a . . . (p — l)a when divided by 
p are only the numbers 1,2,3, . . . p — 1 arranged in a different order .*. by 
raising each term of both series to any power q, p must divide the difference of 

the 2 sums, e.e.|) must divide (a^— l)(l*» + 2'»+3^ . . . p^'^); Now if q 
<j9 — 1 then, by Art 6, x^ — l=Mp can only have q roots at most, by taking.'. 
for a one of the numbers <p which ia not a root of x^ — 1 =Mp, a^ — 1 will not 
be divisible by p and .*. 1*^+2^+3** . . . (p— 1)** musft be divisible byj9 when 
9<^ — 1 : lfqz=:m {p — 1 ) then as by Art.7, a^-^ — 1 =Mp.*.a(P-i)'"= ( 1 +Mp)"» 
/. =1+Mp and now taking a= 1,2,3 . . . p — 1 and adding the results, we 
find l'' + 2*»+3*> . . (p— 1)*»=— 1+Mp wheng=(;) — l)w;andas aCP-i)"^*^ 
= a°+Mp.M'* + 2**+3' . . (p—1)'' is always =Mp whenever g is not divisible 
by p — 1. 

Cor. 3. — If p>a be not a prime n®, but still prime to a, and, if instead of 
multiplying a by all the numbers <j) we only multiply it by the n numbers 1, 
a, b, c . . . p — 1 which are less than p and prime to it, the reasoning of Art. 7 
will still prove that p must divide a" — 1 ; a being ani/ number prime to p ; 
For when ay^p and =rmp+a' the remainder of a«»-r-p is manifestly the same 
as the remainder of af^-^p : this generalization of Fermat's famous theorem is 
due to Enler. 

Cor. 4. — Since when p is a prime n«. the equation orP-^ — l=:Mp has the 
p—1 roots 1,2,3 . . . p— 1 .-. (x— l)(a?— 2)(a;— 3) . . . (x—p+1)— 
fa;P-i — l)=Mp which is only of the degree p— 2 admits the same p — 1 roots, 
and must /. be identical i.e. =pX (by Cor. Art. 6) where X is a function of 

a?, of p — 2 dimensions, and having integrat coefts ; hence, then (a? l){x — 2) 

{x — 3) . . . (a;--p+l)=za;P-i — 1+pX and .•. if Si denote the sum of the 
numbers 1, 2, 3 . . p — 1, S3 = the sum of their products 2 by 2, S3 = the 
sum of theii- products 3 by 3, and Sp.i = the continued product of them all ; 
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» 

also/i = their snm,^ = the sum of their squares, yj,= the sum of th^ 
cubes &c., we shall have Si =Mp, S2 =M/), S3 =Mp, &c., and Sp.i +1 i.e. 
1.2.3 . . . (p — l)+l=Mjt): this last equation is Wilson's theorem ; Newton's 
formulas /i— Si =0;/2— /, Si + 2S2 =0; /a— /a Si +/i Sj— 3Sa,=0, 
&c., prove thatyi^ /a, yj, . . . f^2 must be also divifcible by p since Si, Sj, 
S3 . . . Sp-2 were just proved to be so divisible. See Cor. 2. 

ANOTHER DEMONSTATION OF WILSON's THEOREM. 

Let a be ani/ one of the numbers 1, 2, 3, . . . p — 1, then bj the proof of 
Art. 7, when the series a, 2a, 3a . . . (p— 1) a is divided by jp, some one of 
the remainders must be 1, let it be the remainder of Aa .'• Aa— l=M;i 
Now if A=a we shall have a^ — l=(a+l)(a — l)i=Mp, and as p is a prime 
N**. it must .*. divide a+1 or a — 1 ; but as p > a •*. it cannot divide either of 
these factors unless a — 1=0, or else a+l=i>; hence, then A cannot =a 
unless a=:l orp — 1, thus the numbers 2, 3, 4, . . . p — 2 can be associated 
in pairs so that the product of each conjugate pair=l+Mp and •*• the product 
of all these pairs i.e. 2x3x4 .... (p— 2)=1+Mp which, multiplied by 
jE>— l=—l+p gives 1.2.3.4. . . . (>— 1)=— l+Mj^ or 1.2.3.4. . . . (p— 1) 
+ l=Mj9. Q. E. D. 

Obs. — ^This remarkable property beiongs to prime numbers only; for if ^ be a 
divisor of p, then & will obviously divide 1.2.3. . . . (p — 1) and .'. & cannot 
divide 1.2.3. • . . (p — 1)+1, and .'. a fortiori^ cannot divide it. 

Cor. 5. — Since x^-^ — Izn^x ^ +1/ \xL. 1/ is divisible by the prime n®. p 

p-i 

when X itself is not so divisible .*• some one of the 2 factors x ^ =i=l must then 
be divisible by p, and hence the remainder of x^^-^p is always or 1, and 

the remainder of a:^ -s-p is alwajrs or ±1 i.e. 0, 1 or p — 1 ; by taking 
p=3, 5, 7, 11, 13, 17, &c., we find 



x^=lln or 17»dbl 
a?'^19n or 19ndbl 
a:^o^llnorllw+l 
a:i^^23|ior23ndbl 
x^^^iZn or 13n+l 



a?^^3» or 3w+l, also =5fi or 5n±l 

x^^ln or 7n=±:l 

x^=:.bn or 5n+l 

a^^llwor 11m±1 

x^^ln or 7w+l also ^13n or 13n=bl 

id J 

It follows, moreover, from Cor. 1, that each of the factors x ^ zfcl has ^ 

roots or values of x between andj9, that lender them divisible by/?, and 

in general, that ;r^— l=Mp has exactly & roots when ^ is a divisor of p — 1 ; 

for x^ — 1 will then divide x^^ — 1 since the difference of any 2 numbers 

(x^ and 1) always divides the difference of the mth powers of those two ~niun- 

bers (m^i?mLJ) 

Cor. 6. — Let x and y be two integers > Und < p^ and a divisor ofp — 1, 

p-i p^} 

then if x^ — y= Mp we must have y ^ — 1 =Mp, and conversely if y ^ — 1 = Up, 

the equation x^ — y=zMp will have ^ roots. 



45 

Bi p-i Li 

10. a?^—y=Mp gives (a?^) ^=(y+Mp)^ i.e.a;P->=3^^ +Mp, but by Fer- 

.mat's theorem jrP''= 1 -|-Mp, and hence y ^ — -1 must ?=Mp which proyes the 1st 
part of the theorem. 

M L? 

2*>. y ^ — l=Mp say =i)Q, shows that ar^^ — y ^ is the yery same 83 

p-i 

a?P-i — 1— i>Q and as a?^ — y divides a?P-^ — y^ (for the difference of two num- 
bers always divides the difference of their mth powers) /• sr — y also divides 

orP"^ — 1 — :pQ and /. by Cor. 1, x^ — y^Mp must have ^ and no more roots, 
(see Art. 6). 

Now since x»»— l=(a:2)«-l=z(a^)* —l=z (a?*)3—l =(««)«- l=Mx 13 
and a;i«_li=(a;2)»_l=(ap8)6_i=i(a?6)8~l = (a^)2— l=Mx 19. 
/• a?^ ^ 1 3 must give 6 and no more different remrs. > 

iXr -f- lo •••'. ^ ••• ••• 

X^ --f- lo ... O ••• ••• 

x^ -i- 13 ••. 2 viz. zl= 1, or 1 and 12. 
X' -7- 19 •• 9 ... •• 

jr8 ^ 29 .*. 6 

4P* -5- 19 ... 2, viz. ± 1, or 1 and 18 ; &c., &c. 
The remrs. of 4th and 6th powers to any modulus must of course be found 
among the remrs. of squares, since 4th and 6th powers are also squares ; now 
since remr. of x^ -^pzzTemr. of (p — a?)^-f-j> or = the remr. of (mpi±:x)^ ^p .\ 
to any modulus p whether prime or not the No. of different remrs. of x^ -i- p 

cannot be more than 2lLL butitmaybeless,suchaswhen|7=8, 12, 16, 4^c. ; 

moreover as x+y (=|>) always divides a:«+y« when m is odd .*. if remr. of 
a"*-j-j9 be r the remr. of y"=(p — a?)™ or of (mp — x)^ when -f- ^ must be — r, 
whether the modulus p be prime or not, and thus the remrs. of aU odd powers^ 

a^"*"^ divided by any modulus or divisor will always consist of conjugate 
pairszirr, thus Ex, gr, jy'^lSn, or 13w±l, or 13ndb5 ; also a:^Sl9w, or 
19n=±=l, or 19n=i=7, or 19n=±i8; this property is analogous to that proved 
for squares in Cor. 2, Art. 14, of the foregoing Tract. 

(5or. 7 — ^By Fermat's Theorem xv-^ — l=Mp whenp is a prime number, and 
X not divisible by ^, .*. x (xp-^ — l)=a?P — x must be divisible by j) whether x be 
or be not divisible by j?, and as x^ — x is always even (and .*. divisible by 2) 
whether x be even or odd /. x^ — x is always divisible by 2p ; taking />= 3,5,7, 
&c., we find a? — x^^^a^ — «^10n,j?7 — j?^14n, &c., the second equation 
x^ — x'^ lOn proves that every 5th power is terminated with the same digit as 
its root ; and as x has necessarily 2p forms to modulus 2p .*• x^ must also have 
2p forms ; we proved that ofi — xz:^{x — l)a:(a?+l) is always divisible by 6, but 
when J?, is odd afi — x is plainly divisible by 8, since x — 1 and or +1 are then 
both even, and as they differ by 2 .*• one of them must be divisible by 4, and 
the other by 2 ; hence when x is odd a^ — x must be divisible by 24, or .* 

P P P 

fcy any divisor of 24, for =— 

^ ^ ' 6 8 24 



• * 
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Cor. 8 — By means of Fermat*s Theorem, we immediately detect the impossi- 
bility of certain indeterminate equations of high degress ; Ex. gr. x' — ll=:29y 
is impossible in whole numbers, since it gives (aj^)*=(ll-J-29^)* ue, x^^=r\l* 
+ 29M ; now the proposed equation shows that x cannot be divisible by 29 
and .*. by Fermat's theorem a?^® — 1=M x29 and .*. 11^ — 1 should be divisible 
by 29 if the proposed equation were possible, but this is not so /. &c. Again 
x^^ — 6=19y is impossible in whole numbers, for it gives (jr^®)®=(6+19^)^ .'. 
= 6^ + 19xM but (*^*)®=ra:i*)* ^jj ^ i\^q proposed equation shows that x 
cannot be divisible by 19 .*. by Fermat's Theorem (ari®)** = l+19w, hence if the 
proposed equation were possible 6® — 'X should b6 divisible by 19, but this is not 
80 /• <&c. Lastly, the equation 23fi+Zy^:s:z^ is also impossible. For if this 
equation were possible at all, it should clearly be so, when x^y^z are whole 
numbers prime to each other .'. if ar were divisible by 7, y could not be so, and 
then by Cor. 5, 2a?^+3y®^7n+3 which by Cor. 5, could neverzzz*; and if 
y were divisible by 7 and r not so, 2x^ + 3^* would =7w+2 and -'.by the 
same Cor. 5 it could not then be=2r® ; and if neither x nor y were divisible by 
7, then 2a?*+3y* would ^7w+5, which by the same Cor. 5 could not even 
then=:;8r6 /, ^c. 

Cor. 9 — Every prime number/) of the form 4w+l is, the sum of 2 integral 

p-i 

squares in one way only. For by Cor. 5, the equation «'+!== ^P = ^^° + 1 ha» 

2n roots, let q be one of them, then p divides ^2"+l = (^™)*+l^ and /. by Art. 
14 of the preceding Tract, p itself must be the sum of 2 integral squares ; now 
if possible, let psra^+ft^ and also^c^+e^, then none of the 4, a,b^Cjd, could 
=rO else p would be a square number and •*. not a prime number. Now as 
p (=4n4-l) is odd, a and b must be even and odd, and so must c and d; let 

a and e be even, b and d odd, then a* — c* =c?* — b^ gives -IL_=: JZ_ let each of 

c?-4-5 a — c 

A 

these= the irreducible fraction — ; 2/theGC M of the former and 2g the 

G C M of the latter .'. ^lc=FBirfi^=2Mh^^® givea=/A+^B and 6= 
/B— grA and/. p=:a^+b^z= (Z^+^^XA^+B^) should have factors or divisow 
and could not •*. be a prime number if it were the sum of a pair of squares in 
more ways than one. 

Cor. 10. Every prime number |> of the form 8n+l is of the 3 forms a* +6*, 

a»+262 and a^—2b\ For by Cor. 6 the equation x * +l=Mp=4r*"+l 
has 4w roots > and < p, let q be one of them, thenp divides q^^+l^::{q^^y 
+ 12=z (y2n_i)2+2(5^)2=(g2«+i)2_2(^n)2 ^nd as q^ is prime to 1 and g" 

is obviously prime to q^^z±zl .*. by Art. 4 of this appendix p itself must be of 
each of the 3 forms a^+b^, a^ + 2b^ and a^— .252. 

Cor. 11. Every prime number^ of the form 3^+3 is also of the forma2 -j-2J*. 

By Fermat's Theorem ;> divides 2p-»— 1=2 ®"+^— l = V2*°+^l) \2°— *l} 

but the factor 2 — 1 = 2 (22n)2_12 being of the form 2a2_62 which is also 
of the form a^ — 2b^ (Art. 3) its divisors must be also of this form by Art. 4 
and .*. when odd they must be of the form 8ndb:l (since every odd square a* 
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tas the form 8n+l). Hence then p, which is of the form 8n+3 could not 

4n + l 4n+l 

divide the factor 2 — 1 and .'. it must divide the other factor 2 + 1 = 2 
(22n)a ^ 12 ajid /. by Art. 4, p itself must be of the form a^+2b^ 

Any number of the form Sw+B could never be ^ a^ +6^ nor =a2— 26^ since 
a* +6* when odd =8w+l or 8w+5 and a^— 2ft* whenoddiB^8»dbl5 For 
every odd square a* has the form 8n+l. 

Any number of the form 8n4-5 could never=ga2db26*. For, as above, 
a2 — 262 ^hen odd=8w±l and a^ + 2b^ when odd^8n+l or 8n+3. 

Any number of the form 8/i+7 could never =ra* -h6* nor a^+2b^ for similar 
reasons. 

Cor. 12. — Every prime number p of the form 8»+7 is also of the form 

# f 4n + 3 \ f in+S \ 

a»— 2J2. For by Fermat's Theorem /) divides 2p-i— 1=V2 + 1/ \2 — l) 
and /• p must divide some one of these two factors. But p could not divide 

4n + S / 2n+l V 

2 + 1 =1+2^2 / since by Art. 4, every divisor of this quantity must 

be of the form a* + 2b^ and this when odd is always of the form 8n + 1 or 8w + 3, 

4n + 8 

hence then p which is of the for 8n+7 could not divide 2 + 1 and /• it must 

4n+8 , /4n+8 \ / 2n4-2 \^ 

divide 2 — 1 and .'. it must also divide 2 U — l/=\2 \L ) —2x1^ 
and /. by Art. 4, p itself must also be of the form a* — 2ft*. 

But ctny number of the form a*— -2ft* whether it be prime or not is also of 
this form in ways innumerable, since by Art. 1 (a* — 2ft* ) (x^ — 2y*)=(aa7zfc2ft^)* 
— 2(ay±fta")* and as a:* — 2y*=rl is possible in an infinite number of ways 
(see Art. 14 of my Tract on Continued Fractions) /. a* — 2ft*=(aj7±2fty)* — 
2 (a^rfcrftj;)* is also possible in an infinite number of ways. 

Hence also if /> be a prime number ^8wz±=l, remaLuder of 2 * -=- p will be 
+ 1 ; For then by Oors. 10 and 12 ^=0*— 2ft* and /. 2ft*=a*— j9 and raising 

p_-i Pr! p-i p-i 

each side to power ~ gives 2 ^ ft s=a +M (p) and as by Fermafs Theorem 

aP-^and ftP-i=l+M(p) /. 2 ^ must also obviously =1+M(p). But ifp= 

8n+3, then by Cor. 11, p=a*+2ft* /. 2ft*=jt;—a* and .\2^ y^h =M(/>) 

p— 1 p— 1 p-i 

— aP-* since "2" is then odd ; and as before a and ft ^1+M(;>) by Format's 

p— 1 
Theorem it follows .". that 2 »+li=Mpi.e.when/)=8n+ 3 then remainder of 

Pi 

2 -s-p is — 1 or which is the same, p — 1, and the same is true if pz=8w+5. 

Cor. 13.— -Every prime number p of the form 3«+ 1 is also of the form a* + 3ft*. 

Every pnW number > 8 is obviously of the form 6«+l or eke 6w — 1 
and .'. asp is of the form 3n+ 1 we must have /)=6»+l ; now ijrP-i — 1 znx^^ —1 
=:(4r2i>_l) (^+aj2n+i) /. by Cor. 1, ;r*»+ic*°+l=:Mp has 4n roots>0 and 
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< p, let ^ be one of them /• p divides q^+ ^+l=r(^2n— 1)^ +3 {q^^Y an^ 
as p=6n+ 1 is odd .*. by Art. 6 of this Appendix,/? itself must be of the form 

Cor. 14 ; +2 is remainder of x^^ any number N which is not divisible by 
4, nor by any number of the form 8f»+3 or 8n+5, and it is not a quadratic 
remainder of any other numbers. For if N be odd its prime factors can then 
be only of the form 8n+l or 8n+7, each of which, by Cor. 10 and 12 is of 
the form a* — 2b^i and, .*. by Art. 1, theur product N must = A^ — SB*, A being 
odd since N is- so, .-. N divides (A^—2B^)(m^—2y^)=z(Ax^2B^y—2{Bx-- 
Ay)*, and if N contains no square factor A must be prime to B, and then x 
and V can be found such that Bx — Ay=±l, and thus N will divide (Aar— 
2By)* — 2 Le. 2 will be the remainder of (Ax — 2By)*-f-N ; if N be even its 
only additional prime ifactor is 2 since by h^p, N is not divisible by 4, and .'. 
N=(A*— 2B2)2=2A2— (2B)* which, by Art. 3, is still of the form A* — ^2B», 
where A must now be even and B odd, as N is divisible by 2, but not by 4 ; 
thus, then N divides (A* — 2B2)(a?* — 2y*), and, /. as before, 2 must be remain- 
der of (Aa? — 2By)*-f-N. Conversely, if N divides x^ — 2, then every divisor of 
N will also divide a?' — 2, and, .*. by Art. 4,N and every divisor of N^a* — 26^, 
and if N be odd a must be so, and then N or any divisor of it ^Sndbl ; but 
if N be even x must be so, and it2x^^ then N divides 2(2*^* — 1) /• -j^N must be 
odd, and divide 2j/* — 1« and be •*. itself and all its divisors of the form 
o2-.26« =8n=fcl. 

Cor. 15 : — 2 cannot be reminder of ap*-f.N if N be divisible by 4, or by 
any factor ^8n+5 or 8n+7, and — 2 is remainder of a;*-i-N when N is not 
divisible by 4 nor by any {'actor ^8n+5 or 8«+7. For if — 2 were remun* 
der of a;*-4-N then x^+2 should be divisible by N, and by every divisor of N ; 
but 0?* 4-2 is never divisible by 4, since, when even, its half is odd ; and as 
every divisor of a?? +2 is of the form a* +26* (by Art. 4), and this when odd 
^8n4-l or 3»4-3 which demonstrates the 1st part of the theorem. Con- 
versely, if N be not divisible by 4, nor by any factor of the form 8n+5 or 
8n+7, then the prime factors of N fexcept 2) being of the form 8n+l or 
8n+3, each of which =a*+26* (by Cor 10 and 11) /. by Art. 1, their pro- 
duct N=A*+2B*, and if, moreover, 2 be a factor, then N=(2B)*+2An 
Hence, N must divide (A* +2B*)(a;*+2y*)=(Aa?+2By)*+2(Ay—Bjir)* ; and 
if N contains no square factor A must be prime to B and then x and y can be 
found so that Ay — ^B«=dbl, and thus — 2 will manifestly be the renuunder of 
(Aa?+2By)*-$.N. 

Cor. 16 : — 8 caimot be remamder of «*-*-N if N be divisible by 8 or 9, or 
by any factor of the form 6n+5, and — 3 will always be remainder of a?*-f-N 
whenever N is not divisible by 8, or 9, or 6n-t-5. For if — 3 be such a re- 
mainder, then a;* +3 should be divisible by N and by every divisor of N ; but 
a;* 4- 3 is never divisible by 8, for if it were x should be odd; but then 
jpi L3 ^3„^.4 which is not divisible by 8. Neither is x*=fc3 ever divisible bjr 
9 since to be so a? should riSa/, but even then a?*=±:3 = 9a/*±3 is not divisi- 
bie by 9, and as every ocW divisor of x*+3=a;*+3 X 1* is of the form a*+3^ 
(by Art.'6), if a be divisible by 3, b cannot be so since *^+3 is never divisible 
bv 9 then a* + 36*=3n'=6w or 6n+3 ; but if 6 be divisible by 3, a cannot 
be so and then by Cor. 4, a*+36*=8n' + l=6n+l, or 6«+4; hence, 
e,«4.86* when odd and not divisible by 9 is of the form Qn+l or 6«+3, and 
iipver of the form 6n+5, so that no divisor of ar*+3 can ever be of the form 
6n+5 and /. N cannot divide »*+3 if N be divisible by 8, 9 or 6n+5. Con- 
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veraelj, when«N is not divisible by 8, 9 or any number of the form 6n+5, 

then its prime factors can be only 2, 3, 4, and primeg of the form 6n-^-ly and 

as, by Cor. 13, even/ prime number of this form ^^a^-^-Sb'^ .'. the product of 

all the factors of theforn 6n+l will =iA2+3B2, which, multiplied by 3, is 

still of the same form A^+3B^, and as this must be odd and not divisible by 

9 /• A must be prime to B, one even and the other odd, and then N=: 

4(A2+3B2)-(12+3xl2)(A2+3B2)=: (A+3B)2+3(A— B)2 = P2+3Q2, 

where P must be prime to Q, since A is prime to B, one even and the other odd ; 
hence then N divides (P2+3Q2)(a?« +83^2) ^(P^+3q^)2 +3 (p^_q-p)2^ and 

as P is prime to Q .*. x and y can be found so that Fi/ — Qjrzzdbl, and then 
— 8 is plainly the remainder of (Pfl;+3<3y)2-f-N. If N be divsible by 2, 
,bnt not by 4, then 2N will divide (Pa;+3Qy)2+8, and /. N must divide it 
also, •*• &c. 

Cor. 17 : +3 is remr. of aj2_t*N whenever N is not divisible by 4 or 9, or 
by any odd n®. ^12/izt:5, and it is not remr. of jt^^n whenever N possesses 
any of diese disqmalifioa^ns. 

For if +3 be remr. of jp^ j_N then x^ — 3 should be divisible by N or .". by 
any divisor of N ; now x^ — 3 is never divisible by 4, for if it were x should be 
odd, but then «2 — 3^8n — 2 which is not divisible by 4 ; and in the foregoing 
Cor. x^ — 3 was proved to be never divisible 9 ; and as every divisor N (or else 
2N) of x^ — 3 ^3^2 — 62 /^ every odd divisor of a?* — 3 is either =3a2— ^2 q^ 
J(3a2 — b"^). Now to have 3a2---62 q^^ ^ ^nd b must be one even and the 
other odd; if a be even and b odd, and .'. 62^24»+l or 24n-{-9 then 
3a2— 62^12/1+3 or 12n+ll, but if a be odd and b even, then as every 
even square =12w or 12w+4 .'. 3a2 — 62 is then also ^12?i+3 or 
12w+ll, and so when 3a2 — 62 jg q^^ [^ j3 always ^ 12n+3 or 12w-f-ll ; 
and if j^(,3a^ — 62) be odd then a and 6 cannot be both even, nor one even and 
the other odd, they must /. be both odd, and so a^ or62^24w+l or 24n+9 
end /. 3a2-«^2^24n+2 or 24n+18 and so when ^(3a2— 62) jg ^dd, it is^ 
12»+1 or 12n+9 and we already proved that 3a2— 62 when odd ^ 12n-^-3 
or 12w+ll. Henee then no odd divisor of x^ — 3 is ever ^12w±5 and .'. 
+3 coaM never be remr. of a?2 ^.^ jf ^ he divisible by 4 or 9 or by any 
number of the form 12ndb5. 

Cot. 18. — If a prime number ;?=2n+l be of the form 8m + 3 or 8w-|.5 
then 2"+l will be divisible by p, otherwise 2" — 1 will be divisible by p. 
By Cor. 14, 2 cannot be remr. of y^ -hp when />=s8w±3 and .'. by Cor. 6 the 
non-quadratic remr. 2 must be root of ;r°+l=:M/> (since the n remrs. of ^2^^, 
are roots of a?" — l=M/>) /. p then divides 2°+l in like manner by Cor. 6, 10, 
12 and 14, p must divide 2* — 1 when ;? or 2n-|-l is of the form 8m=±=l. 

Cor. 19. — ^A prime n®. p=2w4.1 of the form 12/»±5 will always divide 
B"+l and if i) be not of this form it will divide 3"— 1. 

By Cor. 6 the roots of ar* — 1 = Mp are the n remainders of ^2 j^p and .*. the roots 
of x^-i^lzsMp are the remaining n numbers <,p which are not remainders of 
tf^^p; now when|)=12wdb5, it is proved in Cor. 17 that +3 cannot be 
remainder of y^-^p and .*• jp must then divide 3"-)-l: in like manner when 
p is not = 12m±5 it must divide 3** — 1. 

Cor. 20. — If a whole n®. p >2 divides x^ — 1, n being odd then p cannot 
divide ar"H-l. For the equation a?" — 1=M/) gives a;° = l+Mp and .'. a?™" = 
(1+Mp)°» .*• =1+Mp; now if possible let a?°4*l=Mp, transpose +1 and 
raise both sides to the odd power n and we find a;""* =( — l+M/?)»=: — l-f-Mjt?, 
but this cannot be since we already proved a?""=l+Mp •'. &c. Ex, gr, 

H 
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10i5_i_^31,10»— 1^37, 10«— 1^41, lO^i— l-j-43, 10^3— l-f- 53,1088-1 
^67, 10««— 1-1-71, 1013—1-4-79 and lO^^— 1-^-83 are all integers and as 
the powers of 10 are all odd numbers in these instances /. 10"+1 can never 
be divisible by 31, 37, 41, 43, 53, 67, 71, 79 or 83, and /. in general any 
whole number whose 1st and last figures are alike, and all whose middle fignre 
are ciphers (0*) can be never divisible by any of the integers above-mentioned. 
Cor. 21. — Every prime number p which divides a°-f-l must be of the form 

2«a?+l or else it must also divide a'^ + l where — = an odd number. For 

(a 

let |)=2w^+flr and as this divides «"+! A a°=— 1+Mpand/. a^^^zzl+M/); 

but by Format's theorem 0^"+^— ' =1+Mp, i. e. a^-» X (1+Mp)=l+M|> 

and .'. a^-^ =1+Mp and this is fulfilled if ^=1 or :.pzz2nx+l. 

But if ^ > 1 let «=GCM of n and -tt — 1 so that n'=.r\!(A and ^ — 1=9/« 

which gives a°'^= — 1 +M/?and c^^^. 1 +Mp ; and now as «' is prime to «^ we 
can have >'=^+ 1 and /. a^^-a^ ^«+fi^=a« x a8 ^« i. e.(— 1+Mj»)'= 
aw(l+M/?)« which gives a«= (— l)' + M/> and thence a'^sra"'" /.=(— 1)»'^+ 
Mp but a° is given = — 1+Mp. Hence then the index v!f must be odd, and 

.'. w'= — must also be odd. Q.E.D. 

Obs. — ^Hence if n be a prime number, every divisor of a° +1 must divide 
a+1 or else be of the form 2wa:+l : if w=2'" then a" + 1 can have as divisors 
only prime numbers ^ 2wa; + 1 as w is not then divisible by any oM numbw. 
If «=2°^', n' being a prime number, then a prime divisor of a" +1 ^^ = 
2wa;+l or else it must divide a^^'+l and must .•.^(2*")2a;+l. If «=r»V, m' 
and n' being odd primes, the prime divisor of a^ +1 will =,2wj?+l or else it 
vsdll divide a°»'+l and /• be ^2m'a?+l, or else it must divide a^^'+l and .*. 
be =2n'ar+l or else it must divide a+1. 

If a=2 and w be odd the divisors of a° +1 will also divide (a° +1)« 
=a:2^2 and can .•. be only of the form a2^262=r8OT+l or 8m+3 and 
never ^=8m-t-5 or 8m+7. 

Cor. 22. — Every prime number/) which divides a° — 1 must =110;+ 1 or else 

it must divide a^ — 1 where « is a submultiple of w ; if n be» odd then the 
form wa;+l becomes 2nj:+ 1 and then too p must divide x^ — a. Proof.— Put 
j0=wa:+^ where 4r<w .'. a« =1+Mp; and by Format's theorem aP-i=z 1+ 

Mp but a"" +""""' ^a~' Xa^and /. a~\\^^lpY^ l+M;, and.'. 

a^~^=t-|.Mp which is fulfilled if ^=1 and /. p=wa;+l : now when n is 
odd X must be even or else p would be so, which cannot be as p is prime .% 
when w is odd />=2wa;+ 1. 

If -B- > 1 let w be G M of w and ^—1, and find/and g such that Jn — 

g{i:—\ ) =w ; then the 2 equations a° =1 + Mp and a =1+Mpgive 1+ 
Mp=a^= a8(^— + "=:a"(l +Mp) /. a*^= 1 + M/>, i. e. p will divide a*"— 1 

and as the same theorem applies to a^ — 1 .*. 

10. If w be prime, all the divisors of a" — 1 are comprised in 2na;+l or 

else they must divide a — 1. , ,. . / 

2©^ If ^=:i7iV, w' and n' being prime numbers > 2 then the divisor/) of 
an _Ji will ^27W?+1 or else it will divide a™'— 1 and be /. ^ 2w'a:+l or 
else it will divide a**'— 1 and be .'. ^2n'a;+l or else it must divide a— 1. 
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3*^. If n=2"* the prime divisor p of a° — 1 will ^ nx+1 or else it will 
divide ai™ — 1 and be .*. ^^nx'{-l or else it will divide a*°+l and be .*. 

Note. — In Art. 21, page 20, when we took zznl in the first auxiliary 

equation, the 2nd anxiliary equation gave b=:w^+^(aw^ — 1), and if we 

x^ 

take a = — 3, m;=15 and a7=26, this gives 5=15' — y^ and .'. d-zzah-zz 
3(y2_i52) ^jr 3 (A2— 152) which when A=16 gives 0^=93 a number which 
escaped the profound researches of the celebrated Eider, and which, together 
with the numbers 23 and 77 were communicated to me (wiihoyt demon^ration)y 
by Charles H. Brookes, Esq., of Newcastle-upon-Tyne; if a= — 6, w=z2, and 
a;r=5 the same formula gives ft=z4 — y^ an^. /. af=ab=^6A^ — 24; again 
a= — 7, *(?=3, and x=S gives 6=9 — y^ and afzzab:=7{A? — 9); also 
a= — 8, U7=l, xzzS gives a'=8(A2 — 1) where A(=y) must not be taken =3 ; 
again 0= — 11, u?=3 and ar=10 gives & = 9 — y^ and .*. a'=a6=ll(A* — 9; 
.-. =77if A=4, &c., &c. 

Evlti^a list of the integral values of a that render the equations x^-^-y^-zi D 
and a7^-]-a^^= a simuUaneovdy possible is both erroneovs and defective, as it 
gives 64 but not 93 for a. 

We shall now prove a theorem which was extremely useful to us in the 
foregoing Tract, and whose demonstration was inadvertently omitted; the 
theorem is that alluded to in Art. 15, and given in Arts. 52 and 53 oi Barlow's 
Theory of Numbers. Let A (>0) be one of the remrs. of x^ divided by a 

prime number |7, as modulus or divisor, and let B be one of the other tl — 

£1 

integers between and p which are not remrs. of a?^ -f-jt>, then I say AB will 

be non-residue of x'^-^p. Since A w a quadratic residue .*. A=x2 — Mp, and 

if possible let AB be also a quadratic residue and /. =y^ — Mp ; now as /> is 

prime, and does not divide x (since A is notzzO) .*• we could find a and b such 

that yzzax — bp which gives y'^zna^x^ — Mp, i.e=a2(A-|-Mp) — lAp ."• = 

a^A+Mp and then AB=y2 — Mp .'. zza^A — Mp gives Ma^ — B)=M/? and as 

p is prime to A .*. it should divide a^ — B, and so B should be remr. of a^ -i-p 

which is contrary to hypothesis .'. &c., hence then {px'\'A)(py+B)^^z+B, 

The same theorem is also easily proved direcUy in page 72 of Oauss^s Eecherches 

Arithmetigues, 



THE END. 
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CONTENTS OF THIS TRACT. 

The foregoing little Tract is divided into three chapters. 

Chap. I. treats of the possible and impossible cases of the ftoo simultaneous 
equations ar^+ay*=r D and x^ — ay^zz D ; strict demonstrations of the impos- 
sibility hy one uniform method are given when a is any whole number <20' 
except 5, 6, 7, 13, 14, or 15 ; and in these cases that are possible general 
formulce are given in Art. 10 for finding immediately, without the tedious round- 
about of Format's method, as many answers as we please in integers prime to 
each other ; and in Art. 1^ it is proved that the two equations ukll be always 
impossible simultaneously, whenever a is a prime rmmbery suck that neither 
m^ + 1 nor m^ — 2 is divisible by a, m being <ia. 

Chap. II. begins at Art. 17 and treats of the possible and tmposs^le cases of 
the two simultaneous equations rc^-f-y^zz D and x^-j-ay^zz a ; rigorous demonr 
strattons of the impossibility are given, by one uniform method, when a is any 
integer between 1 cmd 20 except 7, 10, 1 1, or 17 ; and for these possible cases, general 
formulce are given in Art. 19 for finding immediately, by a method far more 
direct and expeditious than Fermat's as many answers as we please in integers 
prime to each other ; in Cor. 3, ^rf. 18, jf is proved that " there cannot he four 
square numbers in arithmetical progression,^* and in Arts. 20 and 21 it is proved 
that there are 39 positive integral values of a between 1 and 100 wlach render 
the proposed equations simultaneously possible ; Euler's list of these 89 integers 
proved erroneous and defective. To this chapter is subjoined a scholium con- 
taining very extensive and important additions to the few cases in which the 
equation flwr^+ftaj^y^+cy^sz D was heretofore known arid proved (hj FermAi 
and Euler) to be impossible. 

Chap. Ill, contains a similar minute and ample discussion of the possible emd m»- 
possible cases of the two simtdtaneaus x^ — y^= a , and o?^— ay^= a . in which 
it is rigorously demonstrated, by one uniform method, that these two equations are 
impossible simultaneously when a is any integer between 1 and 18 excqpt 1 or 11. 

CONTENTS OF THE APPENDIX. 

Art. 1. — TheproduiA of two or more numbers qf the form a^-^nt^ is itsdfof 
the same form, 

2. — The product of two numbers, each of which is the sum of four integnd 
squares is also itself the sum of four integnd squares in various ways, 

3. — Wlienever »= a^ +&^5 ^^ — ^y^ c«w he transformed into na/^ — tf^ et contra. 

4. — Every divisor of x^dti^y^ must be itself of the same form when x is 
prime to y. 

5» — Every odd divisor o/a?*+3y^ or ofx^ — by^ must he itsdf of the same 
form when x is prime to y. 

6. — The equation X=Mp cannot have mare than m roots or values of x 
between and p ; Mp denotiny a multiple of a prime number p, and X being a 
function of x of the mth degree, having integral coefts, 

7. — Easy proof of Ferma^sfamau^ theorem, to which are added 22 corol- 
laries containing very concise and easy demonstrations of some of the most useful 
and remarkable propositions in ths theory of numbers. 

Note on Art. 21, containiny also an easy proof of the useful theorem alluded 

to in Art. 15, 

ABBREVIATIONS. 

The sign ( -j-) of division is often used in the foregoing pages for " w dwisHkby." 

Gauss' sign (= ) when used here signifies " of theform.^ 

In the Appendix Mp or M(p) denotes " a Multiple ofp,"* 

GCM or CM denote ^^ greatest common measure,^* or ^* common measure,'' 

In pages 54 and 55, CF denotes " Continued Fraction,'* 



53 

CONTENTS OF Mr. COLLINS' TRACT on CONTINUED FRACTIONS. 
Art. 1— An expres&ion of the fonn (a;=)ai .J. ^^f® «i, aa, as, &c., are 

positive integers is called a continued fraction ; the use of continued fractions 
very natural in approximating to the value of any quantity x whether rational 
or not. 

2 — How to convert a Vulgai* fraction into a Continued fraction* 

^ ^ ^ ^ aa S'l ?» ^3 

are called converging fractions or convergents to the value of jf; easy proof of 
the rule for calculating the convergents from o^, a^, a^ &c., bdng given ; the 

convergents we alternately < and >d?. 

4 — Easy proof of the remarkable equation pn ^n—i — />n-i ?n =( — 1)"; 

the converging fractions are /. irreducible ; proof of the curious equation c!2..=: 
ai + -f- + . . . ± , — ; a convergent ^ which im- 

qi q2 q2 qz qz q4. ^ qn qn-i qn 

mediately precedes a large denominator Oq i ^ must be a very close approximation 

to (a?) the value of the entire continued fraction. 

5 — Use of continued fractions in finding the integral solutions of indetermi- 
nate equations of the 1st degree, having 2 unknown quantities ; the number of 

* 

possible integral solutions of ax-^-hyzz.c is the the nearest integer to — when 

ab 

a is prime to h. 

6 — Each convergent ?2 apfNcoaches nearer to the true value of the sought 

qn 

quantity x tlian can be done by any other fraction _> or <dr provided (^Kqn 
the same is true even when Q is >g'n but <gn-j-iprovided — and ^ are both 

^ qn Q 

> or else both <,x ; error of Lagrange about this matter. 

7 — Examples of the great use of convergents on account of the important 

22 355 
property mentioned in Art. 6. Ex 1, finds the convergents — > &c., to the 

value of ^=3.1415926535898, &c. 

1 8 
Ex. 2. finds the convergents _> — &c., to .24224 Assuming the length of the 

Tropical year to be 365.24224 days. Hence is derived the Julian and Persian 

correction of the calendar ; small error of the present Gregorian year. 

oq 9^5 
Ex. 3 finds the convergents _»fri&c., to 365.25 -5-29.5305886 = ratio 

8 19 

of the Julian year to a Synodic month. Hence the Octseteris of the ancient 

Greeks and the Metonic Cycle of 19 years ; at the end of every 19 years the 
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new moon falls on the same days of the months ; at the end of 308 years the 
new moon falls one daj earlier than is indicated by the preceding role of Meton 
proemptose and Metemptose explained; at the end of eveiy 16 Jnlian years, the 
new moon falls 8 days later in the months, great use of this fact in placing the 
Golden Nnmbera opposite the days of the months in the Chun^ Calendar. 

8. — ^The snccessive convergents approach more and more nearly to the true 
value of X which always lies between any consecutive pair of them ; error of 

— IS < ^ Hence the reason why continued Fractions are applicable 

to the solution of indeterminate equations of the 2nd degree and inapplicable 
for higher degrees ; amount of Ap^+B/jg'+Cj'* is <J!!L z^ when ^ is a 

convergent to either root of Aa** + Ba:+C=:o, sL being followed by the next 
denominator On of the C.F for x ; no denominator On of the C F for « can 
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ever exceed y^B* — 4AC ; />* — ^q^ always<2v'N, — being a convergent to 

VN converse theorem of Lagrange most useful and important. 
9. — ^Min". value of />• — ^A^ when />, 9, and A are integers, and A not a 

cube number, obtained by taking il a convergent to /^X ; amount of this 

min™. <3A3 x^ or 3 A* X -?^ ; a being the denominator consecutive to ^ 

a a q 

of the OF for A^ ; this min™. amount increases indefinitely with p ; best nume- 
rical approximations to the duplication of the cube ; 635' <2 x 504' by less 
than the millionth part of the greater cube (635' } the equation ^1^ — Aq^ =B; 
A and B being given integers and B small, can have no more than one or two 
solutions in integers, and may have none when n=:or>3 ; Example when n=4 
A=5and B=l. 

10 : p^qx is less, abstracting from its sign, than it would be if we substi- 
tuted for|7 and q any smaller integers, when -C. is a convergent to »\ La- 

granges elegant proof of the coBverse theorem ; the value of a periodic CF when 
continued to inf 7. whether it begins with periodic terms or not, is always the 
root of quadratic equation having rational coefts. Easy method of finding this 
quadratic. 

11. — ^The root of ang quadratic equation whose coefts. are integers demon- 
strated to be a periodic C F, easy method of ascertaining a priori the very point 

at which the periodicity begins : the 1st or 2nd denr. of the C F for y'— 

B 

begins the period according as A > or < B ; method of finding the length of 
the period of the C F for — ' ^ when only C is given ; this capital point 

A. 

was mentioned, but intentionally omitted by Lagrange : example worked at 
full IcDgth. 



55 

12. Method of finding the C F for the root of a quadratic equation ; useful 
Contraction of the process ; the commencement of the periods known by simple 

inspection; previous reduction of ' ^ sometimes necessarj in order to. 

A 

convert it into a C F ; Examples ; the C F» for the square' roots of certain 
integers found very simply ; the period of 0. F. for ^— is symmetrical with 

the exception of its last term which is always twice the greatest integer in 

-v/— ; in converting ' ^ — into a C F if the denr. A of any complete 
S A 

quotient be =1 ; the corresponding term B of the numerator will be the integer 

next <\/0. 

13 — ^Very expeditious method of finding the min". value of Ap^ + Bpq-}- 
Cq^ ; when p and q are unknown integers, without the trouble of previously 
finding j9 and $ ; rule to know a priori the sign (=t:) of the min™. value; 
when the number of terms in the period of the C. F. Vor either root of Afl?2 + 
Ba?+C=0 is odd, both +E and — E will then be possible values of 
Ap^+Bpq+Cq^, E being the denr. of any one of the complete periodic quotients 
of the C F for a; ; Example fully explained. 

14: x^ — ^Ny^ = l is always possible in integers, when the given integer 
(or fraction) N is not a square ; x^ — ^Ny°z= — 1 possible in integers only when N 
is the sum of two integral squares prime to each other; when x^' — N^^=-*-l 
is possible it admits of a solution in integers lower than the least integers 
(except 1 and 0) that fulfil x^ — ^N^^— .^ . ^2 — ^Ny^=zt:H is always impossible 
in integers when H is <'v/N and not found among the denoms. of the complete 
quotients of C. F. for y^N ; Examples. 

15. — ^iiZZ the solutions in integers of x^ — 44y^=4, 07^—44^*= — 8, a?*— 
61^^ = db5 obtained by means of continued fractions, several useful remarks; 
Lagrange^ s method of deducing the solution of x^ — Ny^=±H when H>y'N 
from the solution of x^ — ^Ny2=dbH' when H'<v'N ; examples x^ — ^23^* = 
— 7 ; :ca— 13y2=z_9 ; impossibility of 7V+101= a in integers. 

16.— Impossibility of a solution in integers of x^ — ^Ny2 = ±H, 1® when 
N=a2 + 1 and H (not a square number) is >1 and <\/N : 2® when Nzza^ — 1 
and H (not a square) is >1 and <a, this case also impossible if H= — 1 ; 3^ 
when N=:a^ + ^ ^^'^ H ^^^t * square) is >1 and <aor when H= — 1 or +a ; 
4^ when Nma^ — a and H (not a square) is >1 and <a— 1. 

17. — How to find solutions in integers o^ /t&. of 2;^ — N^^=l from one known 

2a 
solution of it: when N=a^± — then ^=5 is one known solution ; from one 

h 
known solution of a?^ — N^^— — \ ^q Qgui find solutions in integers ad lib, of each 
of the equations x^ — Ny^s^ztil ; By means of the auxiliary equation j:^— 
Ny^=:l we can find solutions in integers ad lib, either qf x^ — ISy^zzA or of 
ax^'{'bx+c^z D from one known solution of either. 

18. — Lagrang^s method {miich simplified) for finding at once in terms of n 
the «*^ convergent to the CF for the root of a quadratic without the trouble of 
previously calculating all the preceding convergents. Example explained at full 
length. 
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Lynch, Mr. Rodolph Banogue, Croom, 
County Limerick 

Macdonnell, The Rt. Hon. Alexander 

Resident Commsr. of Natl. Educn. 6 
Macdonnell, Rev. Richard, D.D., Provost 

of T.C.D. 3 
M'Donald, Rev. Edward, D.D., St 

Kyran's College, Kilkenny 
M'Cabe, Mr. John, Carrickmacross 
McCarthy, Mr. Denis, Marine School, 

Waterford 
Maguire, John F., Esq., M.P., Cork 2 
M'Guire, Edward, Esq., B.A., M.B., 

Galway 
M'Cormick, Edward, Esq., C.E., Land 

and Engineering Surveyor, Gros- 

mont, near Hereford 7 
Rev. William, C.C., Moate, County 

Westmeath 2 
M^Creanor, Edward, Esq., Inspector of 

National Schools 



M'Curdy, John, Esq., Architect, T.C.P. 
M'Donagh, Rev. Charles, M.A., Ennis* 

kerry 
M'Dowell. George, Esq., M A.,F.T.C.D. 
M'Elligott, Denis, Esq., C.E., and Land 

Surveyor 
M*Elroy, Mr. James, Waterford 
M'Eniery, James, Esq., Newcastle, 

County Limerick 
Macgiath, Joseph, Esq., Killkenny 
M'Kean, Andrew, Esq, Provincial Bank, 

Kilkenny 
M'Kittrick, George, Esq., C.E., Shirley 

Office, Carrickmacross 
M* Mullen, James A., E8q.,A.B.,Dougls8, 

Isle of Man 2 
M*Namara, Timothy, Esq., Mathemati- 
cian, Ballaghderrin, Co. Mayo 
M*Neece,Rev.Thoma8,D.D.,exF.T.C.D 
McNeill, Sir John. Mount Pleasant, Co. 

Louth 6 
Malett, Rev. John A., M.A.» F.T.C.D., 

Numismatist. T. CD. 
Malone, Charles, Esq., Barrister-at-law, 

Dublin. 
Manso, Herr E. Theodore, TivoU Hall, 

Einstown 
Marani, Signor, Professor of Spanish 

and Italian, T.C.D., 
Martin, Mr. James, Pennefeather*8 lane, 

Eilkenny 
Merry, Mr. Patrick, Eilkenny 
Miller, George M., Esq., C.E., G. S. and 

W. R., Dublin 
Charles, Esq., Registrar of Electors, 

T.C.D. 

W. J., Esq., B.A., Eltham, Kent 

Milne, J., Esq., LL.D., Dolar Institu- 
tion, Clackmannanshire 
Mitchell, Joseph A., Esq., Short Heath, 

Willenhall, Staffordshire 2 
Moffet, Thomas, Esq., LL D., Professor 

Q.C., Galway 
Moore, Patrick, Esq., Raheny 2 

Rev. John Lewis, D.D., S.F.T.C.D. 

Mr. Michael Newcastle, Coontjr 

Limerick 
Moorhead, Mr. Wm., Hibernian School, 

Phcenix Park 
Moran, Owen, Esq., Senecca Falls, State 

of New fork, formerly of CarrickiDa- 

cross 
Mortimer, William, Esq., A.B, senior 

Moderator, T.C.D. 
Mulvany, Christ., Esq., C.E., Dublin 
Murphy, Hugh, Esq., KiUyshandra, Ca 

Cavan 3. 



Nash, R. W. H., Esq., Drumcond^^ 

DubUn 

Rev. John, Eilkenny 

Neville, John, Esq., C.E., M.B.I.A.| 

County Surveyor, Dundalk 20 
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— • — Parke, Esq., Do. Do., Dublin 
Newell, F. W., Efq., M.A., Cork 
Kicholson, William^ Esq., Kilkennj 
Kortb, Ber. Roger, M.A., Bathmines 

O'BrieD, Bt. Bev. James Thomas, D.D., 

Lord Bishop of Ossory and Ferns 6 
0*Brien, William Smith, Esq., Calier- 

moyle, County Limerick 7 
Bev. Patrick, C.C, Thomastown, 

Co. Kilkenny 2 

The Hon. Justice, Dublin 

O'Brennan, Martin A., Esq., LL.D.^ Bol- 
ton street, Dublin 
0*Callaghan, Mr. James, Mathematician, 

Clogheen 
O'CarroU, Bev. J., B. A , Ex Sch., T.C.D. 
O'Donnell, Mr.Patk.,Nat. Sch.Cappamore 
0*Donovan, John, Esq. LL.D., M.B.I.A., 

Professor Q.C., Belfast 
OTarrell, James, Esq., Southami^ton 
O'Flaherty, Martin, Esq., B. A., Solicitor, 

Dublin and Galway 2 
0*Herlihy, John, Esq., St. Laurence, 

Seminary, Dublin 
O'Mahony, Bev, Thaddaeus, Senr. Ethi- 

cal Moderator, T.C.D. 
O'Neill, John, Esq., Cork 
0*Began. Mr. James, BaUina 

Bey. John, M. A. , Rector of Finglass 

O'Beilly, Edward Fletcher, Esq., DubUn 
Ormonde. the Most Noble,the Marchioness 

of, Kilkenny Castle 6 
0'Shaughnessy,Mr. Laurence, Newcastle^ 

Co. Limerick 
O'Sullivan, Daniel, Esq., Cork 

Piggotty Lieutenant, 16th Lancers 
Poole, Bev. Hewit B., M.A., F. T.C.D. 

Thomas, Walter Esq., Dublin 2 

Porter,Bev.Jn.Leech,B.A.Modr.,T.C.D.2 

Rev. James, Manse, Kilkenny 

Potter, John, Esq., M.B., Kilkenny 2 
Power, Edward, B. Esq., B.A., Harring- 
ton-street, Dublin 
Price, Bev. Wm. J., LL.D., Waterford 
Prim, John, G. A. Esq., Editor and 
Proprietor of " the Kilkenny Moderator'* 
Purtili, Patrick, Esq., DubUn 2 

Quarman, Miss Elizabeth, Castlemartyr 
Co. Cork 2 



Balph, C. S. Esq., B.A. Barrister-at-law, 
DubUn 2 

Banalow, William, Esq., Kilkenny 

Ringwood, Rev. Frederick fl., M. A. Boyal 
School, Dangannon 

Boberts, Rev. William, M. A., F.T.C.D. 

Michael, Esq., Do. Do. 

Bobinson, John Joshua Esq., H.M. Dock- 
yard, PortSL'a 

Rogan, Anthony, Esq., Southhampton 

Rudkin, W. H. Esq., Up. Baggot-st., Dub. 



Rutherford, Wm. Esq.. LL.D., F.R.A.S. 

Professor R.M A., Woolwich 

Major, Dublin 

Butledge, Rev. John Toung, M.A. Ex- 

F.T.C.D. 2 
Rutter, Edward, Esq., Mathematician « 

Sunderland, 2 
Ryan, Mr. Laurence, Mathematician, 

Leighlin Bridge 

Mr. John, Francis Do., Kilkenny 

Mr, Thomas, Grocer, Kilkenny 

Sadleir,ReV Wm.Digby,D.D., S.F.T.C.D. 
Salmon, Rev. George, M. A., F.T.C.D. 
Scriven,E.H.Esq.,M.D.L.R.C.S.Boundtn. 
Scott, Rev. Thomas, M.A., Rathmines 2 
Seymour, Joseph, Esq., I'atrick-st. Cork 
Shaw, George, F. Esq , LL.D., F.T.C.D. 

Thos. S. Esq.« B.A., Carrickmacross 

Sheehan* Timothy, Esq., M.A., Head 

Inspector of National Schools 2 
Sheppard, Wm. Esq., Bradford, Yorkshire 
Sheehy, Henry, Esq., Ballingarry, Co. 
Limerick 

John, Esq., Ardbohill Bathkeale, Co. 

Limerick 

Edward, Esq., Inspector of National 

SchoolSf 2 
ShortalU Michl. Esq., Solicitor, Kilkenny 
Shyne, Bartholomew Esq., Dublin 
Sloane, John, S. Esq., C.E., Dublin 
George, Esq., C.E. and Land Sur- 
veyor, Shercock, Co. Cavan 
Smith, Beresford, B. Esq., Dublin 

Frederick, Esq., A.B. Senr. Modr<, 

T.C.D. 
H. Ambrose Esq.^ Northern Assur- 
ance, Co. Aberdeen 

John, Esq., National Bank, London 2 

Stackpoole,Rev. Wm. C, LL.D., Kingstn. 
Stapleton, Wm. Esq., B. A., Dublin 
Staunton, Michael, £sq.,Collector General 

of Taxes, DubUn 
Stevenson, John, Esq., AUiance Gas Com- 
pany, DubUn 
Steele, Rev. Wm., M.A., Endowed SchocI 

EnniskiUen 3 
Stitt. Rev. George, M.A., Modr., T.C.D. 
St. John, James, Esq., LL.D., Eolkenny 2 
Stubbs, Rev., John Wm., M.A., F.T.C D. 
SulUvan, Michael, Esq,, M.P., Kilkenny (5 

Francis, Esq., Kilkenny 

Robert, Esq., LL.D., Professor at Bd. 

of National Education, Dublin 5 

Daniel, Esq., B. A., Dublin 

W. K. Esq., Fh. D. Professor of 

Chemistry, Dublin 
Swanton, Rev. Mr., Kilkenny 

Taylor, Edward, Esq., Kildare-place, 

DubUn 2 

WoL Esq., Mechanics Inst ,Liyerpool 

John, P. Esq., Scb, T.C.D. 

Tanner, WiUiam, Esq., M.D., Cork 
Thompson, Mr. Peter, Renhaw-street, 

Manchester 
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Tidmarsh, Jms. M. Esq., J.P., Kilkenny 3 
Tolekcn, John. Esq , MD. S.F.T.C.D. 
Townsend. Her, Richard, M.A., F.T.C.D. 
Traynor, James, E?q., C.E. and Land 

Surveyor, Sberccck Carrickmacross *i 
Troy, Wm. l)e. Esq , Hawarden CheFter 
Turner, John, W. Esq., Educational In- 
stitute, Dundalk 4 

Underwood, Thomas, O. Esq., Earlsfort 

Terrace, Dublin 
Uncle?, Mr. Joseph, Bandon 

"Walker, Richard Esq., Mathematician, 
Newcastle, Co. Limerick, 

\Alexander, Esq., Oarrickfergus 

Wall, Kev. Chars. Wm., D.D.,S.F T.CD 

Rev. Richard H., D.D., Dublin 

Walsh, Richard, Esq., M.A., T.CD. 
V'elch, John, Esq , Monkwearmouth 
Washington, Mr. Gtorgc, Kilkenny 



Watson, Stephen, Esq. Haydon Bridge, 

Nortbu'Tiberland 
Watters^ P. E«q., Solicitor, Kilkenny 
Webster, Rev. George, M. A.., Donny brook 
Weletead, J. H. Fsq., B.A», Cork 
I Wesley an.Connexional School hd. master of 
Whittaker, Rev. Thos., B.A., Kinorsto-wn 
Whitty, John, Irwin, Esq ,LL.D;,Civil and 

Mining Engineer, Dublin 
Wickham, Mr J.D., Kilkenny 
Wiley, WiUiam, Esq., LL.IX Senior Mod- 
erator, T.CD. 
Wilkinson, T. T. Esq.,F.R. A.S., Burnley, 

Lancashire 
Williamson, Benj. Esq., M.A., F.T.C.D. 
Wilson, Rt. Rev. James, D.D., Lord I2i8- 
hop of Cork &c. 6 

Rev. Richard, D.D., Chelsea, London 

Woolhouse, W. S. B. Esq., F.R.A.S. &c. 

&c., London 
Worrall, John, L. Esq., C.E., Booterstown 
Woulfe, James, Esq., Dublin 



ADDITIONAL SUBSCRIBERS. 

Samuel Adair, Esq., Insp. of Nat. Schg, 
Fnjrene A. ConweU, Esq., Do. 
Michael Coyle. Esq., Do,, 2 
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